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1. INTRODUCTION

For the problem of aggregation of individual preferences into a group decision, the vast
majority of the social choice and strategic voting literature uses a purely ordinal model:
agents can rank the candidates but intensity of preferences is discarded. Thus, ordinal
voting rules which depend only on ranking information in agents’ preferences have been
mainly studied. Furthermore, this literature usually restricts attention to strategy proof
rules,' i.e., rules in which truth-telling is best for each agent regardless of other agents’
reports.

These two assumptions greatly restrict the types of aggregation procedures that can be
explored. Thus, relaxing these assumptions may prove valuable. First, preference inten-
sity information may need to be considered for the problem. A simple example is when
a slight majority of people weakly prefers an alternative and a slight minority strongly
prefers another alternative. The more concrete example is a representative democracy.
A representative knows how many people in his group prefer each alternative, which
may represent his group’s preference intensity. He not only needs to consider the ordinal
preference of his group, but also the preference intensity of his group. Thus if a voting
rule that aggregates the votes of the representatives is an ordinal rule, then it cannot
sufficiently satisfy the wants of people in the whole groups. Second, requiring strategy
proofness may be too demanding. It is well known from the Gibbard-Satterthwaite theo-
rem (Gibbard (1973) and Satterthwaite(1975)) that any deterministic and strategy proof
rule is dictatorial under mild assumptions.

Our approach to the problem differs from the past literature in that, in our model,
agents assign cardinal valuations to the alternatives, which express their relative desir-
ability. Rather than requiring strategy proofness, we consider the weaker concept of
incentive compatibility, which only requires agents to be truth-telling if other agents are
also truth-telling. Our model is, therefore, closely resembles the classic mechanism design
problem with the crucial difference that monetary transfers cannot be used to remedy
incentive problems. To the best of my knowledge, only a few other papers investigate
incentive compatible cardinal voting rules with preference intensity information.?

Our objective is to apply a Bayesian mechanism design approach, without monetary
transfers, to examine the efficiency and incentive compatibility of voting rules. We

consider a neutral environment, i.e., when alternatives are symmetric ex-ante, and show

!These are sometimes called dominant incentive compatible rules in the mechanism design literature.
2See the related literature section.
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that essentially any ex-ante Pareto efficient ordinal rule is Incentive Compatible (IC).
Furthermore, we prove that there exists an IC cardinal rule which outperforms any
ordinal rule under a symmetry assumption across agents. Lastly, we consider the non-
neutral environment introduced in Majumdar and Sen (2004), and we show that every
IC ordinal rule is a peak-only rule on the domain of single-peaked preferences.

Let us be more explicit regarding our environment. We consider a Bayesian environ-
ment where an agent’s preference over at least three alternatives is private information,
and monetary transfers are infeasible. To capture the intensity of preferences, each agent
has cardinal valuations for the alternatives. These valuations are random variables which,
we assume, are drawn independently across agents, not necessarily between alternatives.
We also assume that values are neutral between alternatives, which implies that the value
distributions of each alternative is symmetric. A voting rule f is a mapping from the
reported value profiles to lotteries over the set of alternatives. Social welfare is measured
in terms of expected utilities induced by the rule.

We first consider (weak) ex-ante Pareto efficiency in the class of ordinal rules.®> A rule
f is Ordinally Pareto Efficient (OPE) if f is ordinal, and there is no ordinal rule that
strictly increases the expected utilities of all agents under f. We characterize OPE rules
such that f is OPE if and only if it is a scoring rule with specific scores, which are the
expected values of the ranked alternatives given ordinal preferences (Proposition 1). A
rule is called a scoring rule if there exists a score vector s; for each agent i over the
alternatives such that the alternative with the greatest sum of scores is chosen. Then,
we show that for any OPE rule f, there exists an IC ordinal rule g that delivers the same
expected utility for every agent as f (Theorem 1). This is somewhat surprising, because
even in the class of ordinal rules, incentive compatibility has often proven problematic in
the strategic voting and mechanism design literature. In other words, an agent often has
an incentive to misrepresent her preference in order to prevent an undesirable outcome.
Theorem 1, however, guarantees that there is no incentive compatibility problem in our
set-up as long as the rule satisfies the appealing criterion of ex-ante Pareto efficiency.
Note, this result implies that there is also no conflict between strong Pareto efficiency

and incentive compatibility.*

3There are two well-known notions of Pareto efficiency: weak Pareto efficiency and strong Pareto effi-
ciency. Since we mainly consider the weak concept, we omit the term, “weak” from now.

A strong ordinally Pareto efficient rule f can be defined as an ordinal rule such that there is no ordinal
rule that weakly increases the expected utilities of all agents, at least one strictly under f.
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Next, we ask whether it is possible to design rules that are superior to ordinal rules.
We show that one can design an IC cardinal rule which achieves higher utilitarian social
welfare than any ordinal rule, under a symmetry assumption on agents (Theorem 2).° If
we consider cardinal rules, there exists a trade-off between Pareto efficiency and incentive
compatibility. For example, Borgers and Postl (2009) show that the first best cardinal
rule in their set-up is not IC.°® However, Theorem 2 states that it is possible to design
an IC cardinal rule superior to any ordinal rule. With three alternatives, this rule is
closely related to well-known voting rules: plurality, negative, Borda count, and approval
voting rules. As in Myerson (2002), the general form of these simple voting rules is an
(A, B)-scoring rule, which is similar to a scoring rule, but where there are two possible
score vectors, (1, A,0) or (1, B,0) where (0 < A < B < 1). Proposition 2 shows that our
rule is an IC (A, B)-scoring rule. Because of the simple structure of (A, B)-scoring rules,
this theoretical result could inform voting rules in a variety of institutional settings.

Lastly, we divert our attention to the non-neutral environment introduced in Majum-
dar and Sen (2004). On the domain of unrestricted preferences, they show that any
incentive compatible ordinal rule is dictatorial.” But, on a domain of restricted prefer-
ences, particularly single-peaked preferences, this result does not hold. Moulin (1980)
shows that even a strategy proof ordinal rule is not necessarily dictatorial. We build
on these result by deriving a new implication for incentive compatible ordinal rules on
the domain of single-peaked preferences. Theorem 3 states that any IC ordinal rule is a
peak-only rule, i.e., the rule depends only on the peaks in agents’ preferences, not their
full rankings.

The paper is organized as follows. The next section reviews related literature. In
Section 3, we introduce the environment and define ordinal rules and scoring rules.
Section 4 shows a motivating example. Section 5 discusses the notion of ordinal Pareto
efficiency and incentive compatibility of voting rules. In Section 6, we construct an IC
cardinal rule superior to any ordinal rule, and show the connection between our rule

and the (A, B)-scoring rules. Section 7 discusses implications of incentive compatibility

®We focus on symmetric agents in the sense that the value distribution is identical across agents. One
advantage of this assumption is that the social welfare can be normalized to the utility of one agent -
no interpersonal utility comparisons are needed to compare rules.

5They consider two agent who have the opposite ordinal preferences and three alternatives.

"In Section 7, we slightly modify our set-up similarly to their set-up and show the equivalence between
our incentive compatibility and their concept of incentive compatibility. Also the specific non-neutral
environment will be defined in the section.
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in the domain of single-peaked preferences. The Appendix contains the more technical

portions of our proofs.

2. RELATED LITERATURE

There is an extensive literature which examines voting (decision) rules subject to in-
centive constraints. The seminal Gibbard-Satterthwaite theorem (Gibbard (1973) and
Satterthwaite(1975)) investigates strategy proof voting rules, showing that under mild
assumptions, a deterministic rule that is strategy proof is dictatorial. Much of the
subsequent literature (Gibbard (1977), Moulin (1980), Freixas (1984), etc) has either
confirmed the robustness of the theorem, or established a positive result by relaxing
its assumptions (e.g., allowing randomized rules, allowing cardinal rules, or restricting
the domain of preferences). Unfortunately, using preference intensity information does
not aid in designing strategy proof voting rules because strategy proofness is a too de-
manding constraint. Because of these negative results, we consider (Bayesian) incentive
compatibility which is weaker than strategy proofness, but still requires agents to be
truthful.

Some recent papers adopted a Bayesian mechanism design approach. This approach’s
usefulness results from the availability of information about an agent’s value distribution.
Jackson and Sonnenschein (2007) show that incentive constraints can be overcome by
linking decision problems and identifying the cumulative value reports of agents with the
value distribution. Barbera and Jackson (2006) derive the optimal weights assigned to
representatives based on their value distributions in a model of indirect democracy. We
also adopt this approach.

Apesteguia et al. (2011) derive the form of the utilitarian, maximin, and maximax
ordinal rules.® These rules are the optimal ordinal rules based on different social welfare
functions, such as the utilitarian, maximin, and maximax welfare functions. They do
not consider incentive compatibility, assuming that agents reveal their true preferences.
A natural question, then, is whether their rules are IC. Our Proposition 1 addresses the
issue of incentive compatibility of the set of efficient rules, which includes all of their
rules.

The paper most related to our work is Majumdar and Sen (2004). They analyze
the implications of weakening incentive constraints from strategy proofness to Ordinal

Bayesian Incentive Compatibility (OBIC). They show that under uniform priors a wide

8We discuss these rules in Section 5.
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class of rules satisfies OBIC, which is related to our Theorem 1. But, unlike their work,
we address the relationship between incentive compatibility and Pareto efficiency. We,
also, allow for randomized rules, and our Theorem 1 does not require their assumptions of
neutrality or elementary monotonicity. Furthermore, we use cardinal value information
and characterize the ordinally Pareto efficient rules (Proposition 1).

Our Theorem 3 is related to another result in Majumdar and Sen (2004) and Gershkov
et al (2013). Majumdar and Sen (2004) prove that any ordinary Bayesian incentive com-
patible rule is dictatorial in their non-neutral environment on the domain of unrestricted
preferences. Theorem 3 is a new implication of incentive compatibility on the domain of
single-peaked preferences. On this popular domain, Gershkov et al. (2013) show that ev-
ery dominant incentive compatible cardinal rule has an equivalent peak-only rule. Even
though we do not cover cardinal rules on the domain of single-peaked preferences, The-
orem 3 can be an important intermediate step for further research regarding IC cardinal
rules on this domain.

This paper is also related to voluminous literature on scoring rules. Myerson (2002)
introduced (A, B)-scoring rules in a model of three-candidate elections. Giles and Postl
(2012) study symmetric Bayes Nash equilibria under (A, B)-scoring rules and the welfare
implication of the rules. They show that a good (A, B)-scoring rule increases welfare
relative to more common voting rules such as the plurality, negative, Borda count, and
approval voting rules. Their result is closely related to Theorem 2, but they use numerical
methods for the welfare comparison and the indirect mechanism approach, while we use
an analytical method and a direct revelation mechanism approach.

There are several papers that investigate voting rules with two alternatives. Azrieli and
Kim (2013) show that there is no incentive compatible rule which outperforms optimal
ordinal rules, and they characterize the set of interim incentive efficient rules as the set of
weighted majority rules. Schmitz and Troger (2012) prove that the optimal rule among
all anonymous and neutral rules in both symmetric and neutral environments is majority
rule, which is indeed ordinal. We show that the consideration of at least 3 alternatives
leads to very different results regarding efficiency and incentive compatibility.

Lastly, many papers do not allow monetary transfers, despite their application of the
mechanism design approach. For example, Gershkov et al. (2013) deal with a voting

mechanism, Miralles (2012) examines an allocation mechanism, and Carrasco and Fuchs
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(2009)? study a communication protocol. The main reason for the exclusion of monetary
transfers is that, in many cases monetary transfers are infeasible or excluded for ethical
reasons (e.g., child placement in public schools, organ transplants, collusion in markets,

etc). For the same reason, we also exclude monetary transfers.

3. THE MODEL

3.1. Environment. Consider a standard Bayesian environment with private values.
The set of agents is N = {1,2, ..., n}, and the set of alternatives is L with | L |= m.'® The
typical elements of L will be denoted by [,1’,1”, etc. Each agent i € N has a von-Neumann
Morgenstein value (utility) function v; : L — R. We denote by v; = (UZ)ZEL € R™ the

7

vector of values that agent i assigns to the alternatives. We assume that no agent is
ever indifferent between alternatives, that is v! # v/ for each agent i € N and for any
alternatives {,I’ € L' Let V; C R™ denote agent #’s value space, and V =V x --- x V,
be the set of value profiles. The set of orderings of alternatives is T9%” and let ¢ de-
note an element of T°%P. We define an ordinal type function t; : V; — T9FP such

that if v/ > o/ > ... > 0!, then t; (v;) = I'---1" , which shows the ordinal prefer-

i
ences of agent i. We allow any possible ordinal preferences over the alternatives, so
that| {t: t; (v;) =t} = TORP |= m!. As usual, a subscript —i on a vector means that
the 7th coordinate is excluded.

To capture the intensity of preferences, it will be useful to normalize as follows . For

a vector € R™ and an integer k& € {1,..,m}, we denote by z!¥l the & th-highest value

(1] 2]

among the coordinates of . Now, let 1 = v;” > v;” > ... > vl[m] = 0 for every 7 € N.

2The value of the first ranked alternative is normalized to 1 and the value of the lowest to
0, which can be interpreted as the base of the preference intensities. And the preference

intensities of the other intermediate alternatives are measured between 0 and 1.

9Their procedure to derive the optimal communication protocol has the similar flavor with our Theorem
2 in the sense that each type is divided into two types. But, unlike our paper, they cover two players,
infinite action spaces and, more importantly, develop a dynamic mechanism.

19For every finite set X, | X | denotes the number of elements in X .

HThis assumption is not essential for results but simplifies definitions and notation.

12 Although our results except Proposition 2 hold without this normalization, we use this normalization
because it simplifies many arguments and provides Proposition 2. The similar normalization appears
in Borgers and Postl (2009). But, it is arguable that this normalization can capture the preference
intensity and can validate the interpersonal comparisons of utility. In fact, the issue of cardinal utility
and interpersonal comparisons of utility has been controversial in the literature (Strotz (1953), Harsanyi
(1955), Roberts (1980), etc). It is beyond the scope of our paper.
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The information structure is the following. We assume that the vector of values of
agent ¢ is a random variable 0; with values in V;. The assumption of strict preference and
the normalization establish agent ¢'s value space such that V; = [0, 1]\ {@i c ot #£ 0 for
Since the values of ranked alternatives are important, we consider the conditional dis-
tribution of UZW given type t € TORP which is denoted by ,uf’t. Let p! be the joint
distribution of 8" for k = {1,...,m} given type t € TORP. Another reason why we
consider this distribution is that we focus on a neutral environment where the type
distribution and the joint distribution are symmetric across ordinal types, that is

for any t,t' € TORD,

Prt; (t;) = t] = Prt; (%;) = '] and pl=p!

As a consequence, pif = pi; and Pr[t; (8;) = t] = - for every t € T9®P and for each
agent ¢ € N. Note that from the ex-ante perspective, there is no special alternative, i.e.,
the distribution of 9! is the same for any [ € L.

We also assume that values are independent across agents, so the distribution of
<(@’[k])k:{1,...,m}>i€]vis the product distribution g = p; x --+ X u,. The above features
of the environment are common knowledge among agents. But, the realized value v; is
assumed to be only observed by agent 1.

A voting rule is a measurable mapping f : V — A(L),"”® which means that we
allow randomized rules. Let F' be the set of all rules. For every agent ¢ and rule f,
Ui(f) =E (0; - f (0)) denotes the expected utility of agent i under the rule f.'* To

illustrate the features of our environment, we present the following example.'®

Example 1. Consider three alternatives a, b, and ¢, implying that L = {a,b,c}, 0; =
(02,00, 9¢), and TOEP = {abc, ach, bac, bea, cab, cba}. Suppose that t; (v;) = abe, then the

1 Vi Ve
normalization implies that 9¢ = 1, o¢ = 0 and 0 < 9 < 1. In a neutral environment,

Pr(t; (9;) =t] = ;. For example, if f(v) = (3,3,0), it means that at value profile v,

alternatives a and b are each chosen with probability % and c is never chosen.

In a neutral environment, it is convenient to define a permutation function and a
neutral rule. Let ¢ : L — L be a permutation of L, and let ¢ be the set of all

permutations with respect to L. Then, for z = (:Cl)leL € R™ and y = ((yf)leJ
ieN

I3For every finite set X , A(X) denotes the set of probability measures on X.

Mz .4 denotes the inner product of the vector « and y.

5The simplest case with three alternatives will be frequently used to help readers to understand the
structure and intuitions of the model.

LU e L}.
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R , we denote by 27 the vector (x )leL € R™ and by y? the vector ((yZ )leL)
RmXTL.

1EN

Definition 1. A rule f is neutral if for any profile v € V' and any permutation o € ¢,
we have f (v7) = f (v)°.

A neutral rule treats all alternatives symmetrically. That is, the “labels” of the al-
ternatives do not affect the rule. Finally, we use the standard definition of incentive

compatibility from the mechanism design literature:

Definition 2. A rule f is Incentive Compatible (IC) if truth-telling is a Bayesian equi-
librium of the direct revelation mechanism associated with f. In our environment, this

means that for all ¢ € N and all v;, v} € V,

vi - (B (f(vi, 9-4)) — E(f (v}, 9-4))) > 0.

3.2. Ordinal Rules and Scoring Rules. An ordinal rule acts only on the ordinal
preference information in the reported value profile. To define an ordinal rule, let POP
be the ordinal partition of V; into | TO%P | sets. That is,

for t € TORD
Vi={vieVi|ti(v)=1}
The partition PPFP reflects the ordinal types of agent i. Let POED = PORD x ... x
POED he the corresponding product partition of V: v and v’ are in the same element of
POED if and only if v; and v} are in the same element of PPRP for every agent i € N.

As usual, let POFP (v) be the element of PO%P that contains the value profile v.

Definition 3. A rule f is ordinal if it is PO#P-measurable, i.e., if f (v) = f (v') whenever

PORD (y) = PORD (/). The set of all ordinal rules is denoted by FOED.

Thus, an ordinal rule depends only on the ranking information in the reported value
profile, and is unaffected by changes in the expressed intensity of preferences. We define
a useful function related to the ranking of alternatives, fori € N, let r; : V; — {1,...,m}

denote the ranking of alternative [ in v;.

Next, we consider an important class of ordinal rules: scoring rules. Let s; =

(s},...,sT

190 9%

) be a score vector in R™ where s} > ... > s7 for i € N.
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Definition 4. A rule f is a scoring rule if there exists a score vector s; € R™ for 1 € N
such that

C 7”l(’UL)
Supp (f(v)) € argmax > s,

where Supp (f (v)) = {l el: fv)> O}.

Note that s:l(vi) can be seen as agent i’'s score assigned to alternative [ € L when he
announces v;. Additionally, it depends only on the ranking of the alternative, not the
ordinal type t; (v;). We allow asymmetric score vectors across agents. If s; is identical
for all agents then we get a symmetric scoring rule, which is standard in the voting

literature.

4. A MOTIVATING EXAMPLE

The objective of this section is to give a simple example with two agents and three
alternatives, which helps to understand our motivation, main intuition and notation.

Suppose that N = {1,2}, L = {a,b,c} and vl[z] is uniformly distributed in (0,1)
for i = 1,2. We begin with a non-neutral environment where alternatives b and c are
popular: Fori € N, Pr[t; (0;) = t] = € for t = abc, acb, bac, cab and Pr [t; (9;) = t] = 15

for t = bca, cba. We look at rules widely used in practice, the plurality and Borda count
6

voting rules.'® Denote the plurality voting rule by fp and denote the Borda count
voting rule by fp. In our setting, fp is a scoring rule with s; p = (1,0,0) and fp with
SiB = (1, %, 0) for i = 1,2. Ties are broken by the uniform distribution over the set of
alternatives with the greatest sum of scores. The following table shows the comparison
of the two rules and the usual trade off between efficiency and incentive compatibility

even in the class of ordinal rules.

6The plurality voting rule allows each agent to vote for one alternative and chooses the alternative
with the most votes. The Borda count voting rule allows each agent to give the alternatives a certain
number of points corresponding to their ranking of the alternatives and determines the alternative with
the most points.
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’ ‘ vy € ‘/1abc ‘ vy € ‘/1bac ‘
Sp (v, v2) | [ (vi,v2) | fp (U1, 02) | [ (01, 0)
v e Ve (1,0,0) | (1,0,0) | (3.3.0) | (3.3.0)
v € VEP | (1,0,0) | (1,0,0) | (3.3,0) | (1,0,0)
vmeldel (3,1.0) | (5.350) | 0,1,00 | (0,1,0)
ve V| (3,5,0) | (0,1,0) | (0,1,0) | (0,1,0)
el (3,03) | 1,00 | (0,53 | 353
veVil (30.3) | (5.53) ] (0.5.4) | 0,10
TABLE 1. The plurality and Borda count voting rules when v; € V%€ and v, € V.

In the array, agent 1’s value announcements appear along the columns and agent
2’s along the rows. Inside, fp (vi,v9) and fp (vy,vs) are laid out according to agents’
announcements.

The voting rule fp is IC because an agent’s misrepresentations cannot increase the
probability that the top alternative is chosen and cannot decrease the probability that
the bottom one is chosen. We can improve fp in terms of the total expected utilities by
using fg, i.e., Uy (fp) + Us (fp) < Uy (fg) + Uz (fp). In fact, we will show in the next
section that fp is the optimal ordinal rule based upon maximizing the total expected
utilities. The result is due to the score vector of the Borda count voting rule reflecting
the voters’ expected utilities given their ordinal types, i.e., s, 5 = E (1, 131[2}, 0]t (vz)> for
© = 1,2. However, the problem is that fz is not IC because an agent’s misrepresentation
can decrease the probability that the bottom alternative is selected (see the case when
vy € V2 and vy € V). If v = (1,1 — €,0), then sufficiently small & gives agent 1 an
incentive to lie that his type is bac. Thus, we see the usual trade off between efficiency
and incentive compatibility in the class of ordinal rules.

The first question is in what kind of environment this trade off does not exist. We
observe, from this example, that there is an incentive to lie when some alternatives are
popular ex-ante. So, we consider a neutral environment in which no alternative is special
from an ex-ante perspective. Only one condition is changed such that Pr[t; (8;) =t] = ¢
for t € TO®P and i = 1,2. Then, before agent 1’s report, he expects that the probability
of each alternative getting the score 1 is the same if agent 2 reports truthfully because
our environment is neutral. Agent 1’s truthful report, thus, is better than any other

report. Since the same argument can be applied to agent 2, the rule fg is IC.
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The second question is whether we can design an IC rule superior to fg. We will show
the exact construction of an IC rule superior to the Borda Count rule, using preference
intensity information. To use preference intensity information, we consider a rule based
on a finer partition than the ordinal partition. The partition divides each ordinal type
set V! into the two sets V" and V! using a threshold 8 € (0, 1):

VI (B) = {v; e VI [ > 8} and Vi (8) = {v; € V! | o) < 5.

H type and L type are divided according to the value of the second-ranked alter-
native. For each f € (0,1), we find the rule fs which maximizes the sum of ex-
pected utilities among this partition-measurable rules. In fact, fz resembles a scoring
rule but with the two score vectors, s (3) = (1,E (61[2] | v; € VtH> ,0) and st (8) =
(1, E (131[2} | v; € VtH) ,O) . Since we use the ranking information as well as the prefer-
ence intensity information with this partition, each fz is more efficient than any ordinal

rules. But, we need to find a specific § for incentive compatibility. Given the envi-

ronment of this example, we find the rule f* = fg.with §* = %, which implies that
st = (1, 1;:}?,0) and st = (1,2%/5,0) . The following table shows fg and f* when

agent 1 announces an H type and an L type.

vy € V'labc vy € V'labcH le e V'labcL

fB (v, v2) | f*(vi,02) | f*(v1,09)
vy € Ve | (1,0,0) | (1,0,0) (1,0,0)
vy € Ve | (1,0,0) | (1,0,0) (1,0,0)
vy € Ve | (1,0,0) | (1,0,0) (1,0,0)
vy € V" | (1,0,0) | (1,0,0) (1,0,0)
v €V | (3,500 | (3,3.0) | (1,0,0)
v € V2bML (%’%70) (071’0> (%véao)
vy € VP | (0,1,0) | (0,1,0) (0,1,0)
vy € V" | (0,1,0) | (0,1,0) (0,1,0)
vy € V™ | (1,0,0) | (1,0,0) (1,0,0)
vy € VE" | (1,0,0) | (1,0,0) (1,0,0)
v € Vg (L1 1y 1 (0,1,0) (0,1,0)
v € Vi | (35,5 | (0,1,00 | (3,0.3)

TABLE 2. fz and f* when v, € V@ and v € Vbe”
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For the part of efficiency over fz, note the case when vy, € V% or vy € Vi, which

corresponds to the case when the top two alternatives are shared or the case when the
two agents have the opposite ordinal preferences. While f* can distinguish these cases
based on preference intensity information, the ordinal rule fp cannot. We verify the
efficiency by Uy (f*) + Us (f*) = %5 >Us (fB) + U2 (f5) = 55

For the part of incentive compatibility, note that an H type announcement of an agent
gives the alternatives s, which provides him a relatively high probability of getting
middle alternative and an L type announcement has the opposite effect.!” Thus, the most
of H and L type agents like to report their true types. But, for incentive compatibility
an agent with any second-ranked alternative’s value should be truth-telling. We look at
the agent who has the second-ranked alternative’s value as (3, called the cut-off agent.

We find that under the rule f* = f =t this agent is indifferent between an H type and an
2
L type announcement, i.e., (1 : 0) (E(f*(vi,0-;)) = E(f*(v},0-;))) = 0. Then, all H

b 27 77

and L type agents are willing to be truthful.'®

5. ORDINAL PARETO EFFICIENCY AND INCENTIVE COMPATIBILITY

In this section, we restrict our attention to ordinal rules for three reasons. First, it
is consistent with previous work in this area. Second, ordinal rules are widely used in
practice. Third and most importantly, deriving results within the class of ordinal rules
will serve as a useful benchmark as we explore the relationship between efficiency and
incentive compatibility.

Our primary objective for this section is to show that there is no conflict between
ex-ante Pareto efficiency and incentive compatibility in the class of ordinal rules. We
consider ex-ante Pareto efficiency as our notion of efficiency because, we believe, it is
the minimal normative criterion that a social planner should take into account. For any
Pareto dominated rule, agents would prefer a Pareto efficient rule. Let us define Pareto

efficient rules in the class of ordinal rules.

Definition 5. A rule f € FOBP is Ordinally Pareto Efficient (OPE) if there is no rule
g € FORD guch that U;(g) > Us(f) for every agent i € N.

The following proposition characterizes OPE rules and shows the relationship between

OPE rules and scoring rules.
IPrecisely, an H type announcement gives him a low probability of getting the top alternative (a loss)

but gives him a low probability of getting the bottom alternative (a gain).
18The details of the arguments are in Section 6.
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Proposition 1. A rule f € FOEP is OPE if and only if there are numbers {\; }icn, where
Ai > 0 and X = (A1, ..., \n) # 0 such that f is a scoring rule with s; = \E ((@Zw)k_{l , | PiORD)

forie N.Y

Proof. We start with the convexity of the utility possibility set of FO%P. The set
FORD  viewed as a subset of linear space R™*(™)" " is convex because we allow ran-
domized rules. In addition, the mapping from rules to the utility vectors is affine:
Ui(af + (1 —a)g) = aU; (f) + (1 —a) U; (g) for any f,g € FORP and any a € [0, 1].
Hence, {(UZ (f)ie N) . f € FORD } is convex. For convex utility possibility sets, it is well
known that Pareto efficiency can equivalently be represented by the maximization of
linear combinations of utilities with {\;};en, Ai > 0 and A = (Ay,...,\,) # 0 [Holm-
strom and Myerson (1983)].° Thus, a rule f is OPE if and only if there are numbers
{Ai}tien, where \; > 0 and A = (A, ..., A,) # 0 such that f maximizes the social welfare
Yien MiUi(g) among all functions g € FORP. Fix {)\;};en and consider the generalized
utilitarian social welfare, Wy(g) = Y;en MiUi (g). It is the weighted sum of the expected
utilities of all the agents. Given A\ and PY%P | then for every g € FOP we have

Wy(g) = E (Z Aﬁi'ﬂ@)) —E [IE (Z Aidi - g () PORD>]

1€EN 1EN

= E lg (9) - ME <Zv PORDN

- o ga(air)]

1EN

where the third equality follows from the fact that g € FO%P and the fourth from our

assumption of independent values across agents. Thus, a rule ¢ is a maximizer of Wy in

FORD if and only if it satisfies

1 (al]l PORD (, N\ _ T ( ;| pORD ¢,
Supp (g(v)) C argmaz ME (vi P, (Ul)) = argmazx ME (vi P, (vl)> .

PORD (vz)) is equal to E (ﬁl[m PpORD (vi)), and de-

pends only on the ranking of alternative [. It does not depend on the ordinal type

In a neutral environment, E (ﬁf

R <<ﬁ[k])k . , | PiORD ) is the conditional expectation of (f)[k]) , given the ordinal par-
={1 m =

i i

. . A (K] ORD N o [K] (s
tition of agent i, i.e., E <(UZ )k:{l - | P ) (v;)=E ((vl )k:{l - | t; (vl))

----------

20For the detail of the argument, see page 560 in Mas-colell et al. (1995) .
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t; (v;) because u! = p; for any t € TOFP, Hence, )\]E( ol

POED (y Z)) can function
as the score assigned to alternative [ when agent ¢ announces v;, meaning s, mvi)

NE ( ol PORD (4 )) Therefore, from the definition of a scoring rule the maximizer f

is a scoring rule with s; = \,\E (( [k])k_{l ) | PORD) forie N2O

1

Proposition 1 shows that OPE rules are scoring rules with a particular structure of
scores. Notice that the optimal score s; depends on the welfare weight \; and the value
distribution conditional on the ordinal partition p;. If A\; = 1 for every agent i, then
Wi (g) becomes the utilitarian social welfare. The following corollary characterizes the

optimal ordinal rules based on the utilitarian social welfare.

Corollary 1. A rule f € FORP s an Ordinal Utilitarian Rule if and only if f is a
. : N
scoring rule with s; = E ((U[ Uk:{l,...,m} | PORD) forie N.

)

The Ordinal Utilitarian Rule is denoted by foygr. The following example is helpful
for understanding the rule and the relationship between the scores and agents’ value

announcements.

Example 2. Consider L = {a,b,c}, N ={1,2}, and foyr. Suppose that @?] has a uni-
form distribution on [0, 1], and 95" has a normal distribution on [0, 1] with E ((Ap]) | PORD ) =
%. From the definition of foyg, we find that s; = (1, %, 0) and sy = (1, 3 O) If agents
1 and 2 announce v; € V¢ and vy € VY, then ( ra(v1) sq”(vl),sq (vl)) = (1,%,0)

and (sg“(w), spp(v2), 37;(“2)) (O, 1, 3) This implies that foyg (v1,v2) = (0,1,0) because

(S;a(vl), Sgb(m)7 S;c(vl)) + (Sga(w) 872“17(@2)7 S;c(w)) _ (1’ %7 %)

This example also shows that in an environment with asymmetric value distributions
across agents, the ordinal utilitarian rule may not be a symmetric scoring rule even with
equal welfare weights (i.e., \; = 1 for all 7).

We now discuss the main result of this section, which pertains to the relationship

between Pareto efficiency and incentive compatibility in the class of ordinal rules.

Theorem 1. If a rule f is OPE, then there exists an IC g € FOFP such that U; (g) =
Ui (f) for every agent i.

The following lemma is useful for the proof of Theorem 1 and shows that for any rule
in a neutral environment, we can construct a neutral rule that delivers the same expected

utility for each agent.

2136me parts of this proof are similarly found in the proof of Theorem 1 and 2 in Azrieli and Kim (2013).
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Lemma 1. For any rule f € FOR*P a rule g(v) = 5% f (v )‘7_1 € FORD js neutral.
ocP

Moreover, U; (g) = U; (f) for every agent i.

The proof of Lemma 1 is in the Appendix. The neutral rule is constructed by assigning
% (the probability of an ordinal type) to every inversely permutated original rule where

the value profile is permutated.??

Proof of Theorem 1:

Assume a rule f is OPE, by Proposition 1 f is a scoring rule. The rule f may not
be neutral because of a possible non-neutral tie breaking rule. By Lemma 1, however,
we can construct a neutral rule g from f. Fix t € T. It is sufficient to consider only

v; € V! instead of all ordinal types because of the neutrality of the rule and environ-

ment. Pick v; € V! and v} € V, note that (s:l(v)) = (s:l(”i));L for some o. To
check incentive compatibility of g, we look at probabilities that alternatives are chosen
given 4’s announcement under g (i.e., E(g(v;,0_;)) and E (g(v},0_;))). First, consider

the aggregated scores of the other agents, > ( " UJ))ZGL. The probabilities that each
J#i
alternative obtains the maximum aggregated scores are the same as % because the en-

vironment is neutral. Second, adding ( ”(vl))leL to the previous scores in every event
generates E (g(v;,9_;)) such that the probability that the first-ranked alternative is cho-
sen becomes the highest and the probability that the second-ranked alternative is chosen
the second-highest and so on. Also, the order of the probabilities resembles the order of
the value announcement, i.e., E (g(v}, 9_;)) = E (g(v;, 9_;))7.>* Thus, the probability dis-
tribution E (g(v;, 9_;)) first order stochastically dominates E (g(v;,9_;))? for any o € ¢,
so that v; - E (g(vi, 0-;)) > v; - E(g(v},0—;)) . We can conclude that ¢ is 1C.0I

Theorem 1 implies that there is non-existent the usual trade off between ex-ante Pareto
efficiency and incentive compatibility within the class of ordinal rules, at least in a neu-
tral environment. It also has an implication for the voting rules based upon maximizing
different welfare functions. Apesteguia et al. (2011) describe the optimal ordinal rules

based on the utilitarian, maximax, and maximin welfare functions. They use similar but

22This lemma is similar to Lemma 3 in Schmitz and Tréger (2012). But it shows that this construction
that preserves several properties from the original rule is still possible with more than 2 alternatives.

231 Example 2 with the standard tie breaking rule such that ties are broken by uniform distribution over
the set of maximizers, we can calculate that E (f(vi,92)) = (%, 3,0). If agent 1 announces v} € V|

then E (f(vf,02)) = (0, 2,1). Note the value and order of coordinates in E (f(v1,92)) and E (f(v], d2)).
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stronger assumptions than the current paper.?* The maximin welfare function evaluates
an alternative in terms of the expected utility of the worst-off agent, disregarding the
other agents’ expected utilities. In contrast to the maximin welfare function, the max-
imax welfare function concentrates on the most well-off agent. Obviously, all of their
rules are ordinally Pareto efficient. Since their focus is not on the incentive compatibil-
ity, they assume that voters announce their preferences truthfully. However, Theorem 1
shows that all of their rules are IC without the assumption. Thus, we can use their rules
without any concern for incentive compatibility.

In addition, we can find an important feature of the set of OPE rules in Proposition
1. The set of OPE rules is in the class of scoring rules that allows asymmetric scores
(even zero score vectors) across agents. Apesteguia et al. (2011) show that an optimal
rule based on a maximax or maximin welfare function in their environment may not be
a symmetric scoring rule, but the approximation of the rule is a symmetric scoring rule.
Proposition 1 complements their analysis because the optimal rule can be a scoring rule

with s; = 0 for some 7 € N.

6. A SUPERIOR INCENTIVE COMPATIBLE CARDINAL RULE

In this section, we move beyond ordinal rules by utilizing preference intensity infor-
mation. It is straightforward to design a cardinal rule superior to any ordinal rule, > but
the non-trivial question is whether or not we can design an incentive compatible cardinal
rule superior to any ordinal rule. We show that we can under the additional symmetry

assumption on agents.

6.1. A Superior IC Cardinal Rule. The following theorem shows the main result of

this section.

Theorem 2. Assume n > 5 and that p; is an identical distribution for all i € N, then
there exists an IC cardinal rule that achieves higher utilitarian social welfare than any

ordinal rule.

Proof of Theorem 2:

The proof consists of six steps. Step 1 shows Lemma 2 which derives a utilitarian rule
based on a general partition P. In Step 2, we introduce a special family of partitions
248pecifically, they assume identical value distributions across agents.

25For example, the first best cardinal rule is a rule where a score assigned to an alternative is the realized
value of the alternative and the alternative with the greatest sum of scores is chosen.
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{Pﬂ }BG(O,I) and a utilitarian rule based on P?, called a PP’-Utilitarian Rule. Step 3
considers three alternatives and shows a necessary and sufficient condition for incentive
compatibility of a P?-Utilitarian rule. In Step 4, we prove the existence of a rule f*
satisfying the condition. Step 5 proves that f* achieves a higher utilitarian social welfare
than any ordinal rule. Finally in step 6, we modify the P?-Utilitarian rule and show the

extension with more than three alternatives.

Step 1) Consider any finite measurable partition P; that divides V;. Let P = (P} X
- X P,) be the corresponding partition product of V. Let F¥ denote the set of P-
measurable rules. Given a partition P, we say that a rule f € F¥ is a P-Utilitarian Rule
if fe arg;g%% W (g) where \; = 1 for every i € N. The following lemma generalizes

Proposition 1 from the previous section with a general partition, but with the restriction
of \.%6

Lemma 2. A rule f € F? is a P-Utilitarian Rule if and only if it satisfies
"1(v;)
Supp (f(v)) € argmaz } s,
1EN
where

sy (vi) :E(ﬁf | P) forie Nandl e L

)

The proof of this lemma is omitted because it is nearly identical to the proof of
Proposition 1. Notice that the scores assigned to the alternatives are the expected

values conditional on the general partition P, not the ordinal partition POFP.

Step 2) We consider a special family of partitions which provides the preference
intensity information as well as the ranking information. Let Pf be a partition which
divides each ordinal type set in PP%P into two sets. It follows that the new type set

consists of 2m! types, T = {tH,tL cte TORD}. For every t € TORP | the set V! is
partitioned into the two sets Vi (3) and Vi (8) according to the partition coefficient

B e (0,1).
VT (B) = {v; € Vo > ol 4+ (1= B) oY = {v; e V0B > B4 (1= B) o}
Vi B) = {v e Vi [ < poll + (1= 8) o} = (i e VI [0 < B+ (1 - B) o}

26The restriction of A is not necessary for the generalization of Proposition 1, but is useful for Theorem
1.
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where 3 € (0, 1) is a partition coeflicient.

Each ordinal type is divided into H and L types, and an agent i’s type is determined by
the relative value of the second-ranked alternative vlm. An agent ¢ with v; € V" called
an H type agent, values the second-ranked alternative relatively closely to the first-ranked
alternative. An agent ¢ with v; € VtL, called an L type agent, values the second-ranked
alternative relatively closely to the third-ranked alternative. Roughly speaking, the H
type agents hate the third-ranked alternative and L type agents love the first-ranked
alternative.

Let fz be a PP-Utilitarian Rule and fix the standard tie breaking rule such that ties
are broken by uniform distribution over the set of the maximizers.

We mainly consider P°-measurable rules, so the following type-based notations are
convenient. Consider a type function associated with P?, tf : V; — T which maps a
value vector of agent 7 to the corresponding type ¢t € T'. For example, if v; € V;tH (6), then
t7(v;) = t¥. Then, we can identify each rule fz with gg: T" — A(L) by gs(ty, ..., tn) =
fs (tf (), ooy tﬁ(vn)) There are essentially two score vectors and two type probabilities

because the value distributions across agents are identical and the environment is neutral.

1) = E @ Fw) =), st ) = (E07 @) =)
P (8) = Pr({vi: %) =t"}) 9" (8) = Pr({vi: #¥(v) =1"}).

k={1,....m}

Step 3) We first consider the three alternative case, which clearly and simply shows
how to use preference intensity information. Since gz is neutral and we assume a neutral
environment, it is sufficient to consider only one ordinal type in our examination of
incentive compatibility. We fix t € TORP t; = tH and ¢, = t*. To simplify notation,
let E (gg (t, f,i)) =P (p) and E (gg (t’, tA,i)) = P (B)". These are probability vectors in
which the coordinates are the probabilities that the alternatives are chosen under the

/
Y

rule gg given t and t' respectively. Note the following property of P (3) and P ()
PP =P P < PB)Mand P ()P < P (8)™ for any 5 € (0,1).

In other words, the change of one’s announcement from L to H type given the type
profile of others weakly increases the probability that the second-ranked alternative is

chosen and weakly decreases the probabilities that other alternatives are chosen. This
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results from a similar process of scoring rules, but with the two score vectors defined
such that s ()" = s2 ()M =1, s (B = s& (B)F = 0 and s7 (B)? > st (B)?.

We define the function h(p) = (P(B)m - P(ﬁ)’[l]) + (P(B)[z} - P(B)’[Q]) from the
incentive constraints (see the proof of Lemma 3 in the Appendix). The following lemma

identifies the necessary and sufficient condition for incentive compatibility.
Lemma 3. h(3) =0 if and only if gs is IC.

The proof of the lemma is in the Appendix. We call h (/3) the balance function for the
rule gg. That is, because h (/) can be arranged such that h (5) = (P(ﬁ)[” — P(B)’m) +
B (P(B)2 = P(By) =(1- ) (P(B)Y - P(BYW) + B (P(B)¥ — P(8)¥), it shows a
weighted average of a loss (P(B)m < P(ﬁ)'m) and a gain (P(B)'m > P(ﬁ)m) from the
change of the announcement from L to H type. If the gain and loss are balanced,
h(8) = 0, then the rule g (/) is IC.

Step 4) We proceed with three claims regarding the balance function h(5) to show
the existence of an IC cardinal rule, and their proofs are in the Appendix. For ease of
notation, we use the vector of scores assigned to the alternatives which depends on (8
and the announced types, s;(5,t;) = E (@i |47 (v;) = ti).

Claim 1. limg o h(S) < 0 and limg_,; h(5) > 0

With Claim 1, if () is continuous on (0, 1), then we can easily find a 5* such that
h(B*) = 0 by the intermediate value theorem. Then, the new rule f* is an IC cardinal
rule where f* (v) = gg« (t;, ;).

However, there may not exist a 5* such that h (8*) = 0 because h(5) may be discon-

tinuous. The following example explains the potential discontinuity.

Example 3. Given L = {a,b,c} and t; = abc?, then gg(t;1_;) is determined by the
aggregated scores of the alternatives which depends on 3 and t_;. Let S¥ (8,t_;) =
((SH (5)) + 30,2 55 (B, tj)> be the vector of aggregated scores assigned to the alterna-

tives, then we can express P(3)" with this function
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PN = Pr({t_: S"(8,t-)" > S (B.1-0)" and 57 (8,¢_)°})
(o S =57 0> ST ))

SPr({tes 878,007 =87 (5,00° > 87 (5,00")) +
({t: S7(B,t-0)" = ST (B,t-0)" = S7 (B,4-)°))

P(B) and P(B)P can be similarly expressed. P(B)1M, P(5)1?, and P(3)" can be
expressed using the corresponding ST (5,t_;).

Note that gg is determined by the value order of S¥ (5,t_;)*, S¥ (8,t_;)", and S¥ (8,1_;)°
at each t_;. If g does not change as 8 changes given any ¢_;, then P(B)M is continuous
in 3 because p”(8), p*(83), and s;(3,t;) are continuous in 3. However, gz could change
with 3 because the value order of the coordinates in S¥(3,t_;) could change as well. This
feature could cause a jump in P(B)!" at some 3’s, which means that P(3) is possibly
discontinuous. The analogous argument can be applied to P(5) and P(S)’. Therefore,
h(5) may also be discontinuous.

However, even in this case we can construct a slightly different IC rule. Define the set
D ={p€(0,1): h(B) isdiscontinuous at 3 }.
. LA hB) | h(B)
Claim 2. If D # ¢, then there exits a B € D such that Bb " Bopr <0.
The following figure is helpful in understanding the remaining argument.

hig)

P

/

Figure 1. An example of discontinuous & (3) at 3

Claim 2 provides a way to design an IC cardinal rule with such a B by using an appropriate

convex combination of two rules. One rule is g™ with the balance function at 3 . ht (B) =
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ﬂ}i%)Jr. The other rule is g~ with A~ (3) = B}i%)—' The next claim concludes Step 4 by

showing exactly what the appropriate combination is.
Claim 3. There exists an IC cardinal rule f* (v) such that f* (v) = agt + (1 —a)g~

where o = ,ﬁ(_ﬁh)_% € [0,1].

Step 5) We prove that f* has a higher utilitarian social welfare than the ordinal
utilitarian rule, foyr. The construction of f* is based on a finer partition than fopyg,
which implies that W (f*) > W (four) (the equality holds when f*(v) = four(v) for
almost every v € V ). However, we can always find a set of v with non-zero measure
such that f*(v) # four(v) , as shown in the proof of Claim 1. In these cases where
v; € V" and v} € V" given the others agents’ types, f*(v) # f* (v},v_;) while foyr(v) =

PORD

four(v},v_;) because v and (v}, v_;) are in the same ordinal type set in . These cases

guarantee a difference in social welfare between f* and foyg, implying that W (f*) >
W (four)-

Step 6) The above steps prove the theorem with three alternatives. To extend the
result to more than three alternatives, we need to change Step 3 by constructing a rule
with gz and two other rules. First, recall the ordinal utilitarian rule goyr which has one
score vector sopp = (E (ﬁl[k] | ti(v;) = t)) for t € TORP . Second, we consider a modified
rule § € F’ with slightly different score vectors than s” (B),s*(B). The score vectors

only assign the third-ranked alternative the same score as the goyg. That is,
. 1 2 4
SH(B) = (s (8)" 8™ (B)?, sy s (B)" oy ™ (B)™)),
4 (8) = (% (B)' 82 (B)?, shums 8™ (B)' o s (B)™) .
Now, we construct a new rule in the following manner.
gp (i, ;) if {leL:r(v)<3t={leL:r(v) <3}
g (tit—s) = foralli,j € N and gg=§
gour (ti,t—;) otherwise
In words, g3 is the same as gz when the two conditions are satisfied. First, every agent
has the same top three alternatives. Second, gs (t;,t_;) equals g (¢;,t_;). Otherwise, gz
is the same as goug.
We construct gs to apply the main intuition for three alternatives and directly compare

g3 with gourr. Our rule may be meaningful when we are concerned with the preference

intensities and competition of the top three alternatives. After the construction of gg,
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we use almost the same argument as the argument with three alternatives, replacing gg
with g in the remaining steps.

In fact, gs is neutral because gg, g, and goyr are neutral. We also need to exam-

A~

ine another property of E (gﬁ (t,t:l-)) = P(p) and E (@5 (t’,t,i» = P(B)" with the

replacement,

P(B™ =P BY" for k> 4.

This property results from thatgs chooses the one among the top three alternatives
shared for all agents regardless of agent i’s announcement of H or L type.

Unlike the three alternative case, s7 (8)° and s”(8)® are non-zero. The following

lemma characterizes s” (8)* and s* (3)°.
Lemma 4. For any 3 € (0,1), s” (8)® < s" (B)°.

The proof of Lemma 4 is in the Appendix. Lemma 4 implies that we may lose the
property that P (8)% > P(8)®, pP(5)!" < P(8)Mand P(8)® < P(8)™ for any
S € (0,1) without the replacement. However, we can recover the property by mixing gz
and § because 87 (8)* = 8% (8)® = sd .

The other steps hold with the replacement. [

The next corollary covers the n = 2 or n > 4 case with a restriction of the value

distribution ;. The proof of the corollary is in Appendix.

Corollary 2. Assumen = 2 orn > 4 and that for alli € N p; is an identical distribution
1E(ﬁ[1]|P.ORD)+E<@[3]\PORD)

such that E (61[2] | PiORD) <

rule which achieves a higher utilitarian social welfare than any ordinal rule.

, then there exists an IC' cardinal

When agents are symmetric ex-ante, it is often interesting to focus on anonymous
rules. An anonymous rule treats every agent equally. That is, the “name” of an agent

does not affect the rule.

Definition 6. A rule f is anonymous if, for all profiles v and all permutations 7w over

the set of agents,

f (Uﬂ(l), ey Uﬂ(n)) = f (U)

The following corollary demonstrates an important implication of Theorem 1 within

the set of anonymous rules.
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Corollary 3. Under the same assumptions as Theorem 1 or Corollary 2, there exists an
anonymous and IC cardinal rule that strictly Pareto dominates any anonymous ordinal

rule

Proof. The restriction of anonymous rules and the identical value distribution across
agents implies that W (f) = NU; (f) and U; (f) is the same for all i € N. By Theorem
1, there exists a rule f* such that U; (f*) > U, (four) for all i € N. Additionally, f* and

four are anonymous. [J

6.2. (A, B)-scoring rules with three alternatives. In this subsection, we focus on
three alternatives, connecting our rule f* to several well-known rules: the plurality,
negative, Borda count, and approval voting rules. As in Myerson (2002), the general form
of these voting rules for three candidates is an (A, B)-scoring rule, where each voter must
choose a score vector that is a permutation of either (1, B,0) or (1, A,0). That is, the
voter can give a maximum of 1 point to one candidate, Aor B (0 < A < B <1) to some
other candidate, and a minimum of 0 to the remaining candidate. In our environment,

we define the rule in the following way:.

Definition 7. A rule f is an (A, B)-scoring rule if there exists two score vectors s; €
{(1,A,0),(1,B,0)} for each ¢ € N such that

Supp (f(v)) C argmax Z S:Z(vi)
el N

Specific (A, B)-scoring rules are widely used in practice and theory. The case (A, B)=(0,0)
is the plurality voting rule, where each voter can support a single candidate. The case
(A, B)=(1,1) is the negative voting rule, where each voter can oppose a single candi-
date. The case (A, B)=(0.5,0.5) is the Borda count voting rule, where each voter can
give candidates a completely ranked score. These rules are classified as ordinal rules be-
cause information about ordinal preference is sufficient to implement the rules. However,
(A, B)=(0,1) - the approval voting rule where each voter can support or oppose a group
of candidates - requires more than information about ordinal preferences. Similar to
PP_Utilitarian Rules, this property makes the approval voting rules more efficient than
other ordinal rules in some cases. The following proposition clearly shows the relationship
between PP-Utilitarian Rules, f* and (A, B)-scoring rules.
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Proposition 2. Assume that p; is an identical distribution for all i € N. Then, a
rule is a PP-Utilitarian Rule if and only if it is an (A, B)-scoring rule with (A, B) =
(sL (B)?, st (5)2) Furthermore, f* is an IC (A, B)-scoring rule with (A, B) = (sL (8%, s" (5*)2)

Proof. The first part follows from Theorem 2. Note that with three alternatives s’ (3) =
(1, st (ﬁ)Q,O) and s () = (1,3H (5)2,0). For the second part, consider Step 4 in the
proof of Theorem 1. When h (/3) is continuous, f* is obviously an IC (A, B)-scoring rule
with (A, B) = (SL (8*)*, s (6*)2) and the standard tie breaking rule. But, in the other
case f* does not look like an (A, B)-scoring rule because of the convex combination of
the two rules. However, it is shown in the proof of Claim 3 that f* is the same as g;

except for some ties. By the first part of Proposition 2, g5 is an IC (A, B)-scoring rule
N\ 2 A\ 2
with (sL (B) , st (6) ) and the standard tie breaking rule . Since the definition of an

(A, B)-scoring rule makes no restriction on tie breaking rules, the new rule f* is an IC
N\ 2 N\ 2

(A, B)-scoring rule with (SL (5) st (6) ), but with a different tie breaking rule from

gz Then, setting 5 = A completes the proof. O

Proposition 2 shows that P’-Utilitarian Rules are not purely theoretical rules. Also, if
we focus on (A, B)-scoring rules, Proposition 2 can be used to find an IC (A, B)-scoring

rule superior to any ordinal rule.

7. INCENTIVE COMPATIBLE RULES ON SINGLE-PEAKED PREFERENCES DOMAIN

In the previous sections, we investigated IC voting rules in a neutral environment on
the domain of unrestricted preferences. Now we study IC voting rules in a non-neutral
environment. In a non-neutral environment, Majumdar and Sen (2004) show that any
IC ordinal rule is dictatorial on the domain of unrestricted preferences.?”

The next step could be to fix a non-neutral environment and look at a domain of
restricted preferences. In particular, we consider the most popular domain of single-
peaked preferences. Single-peaked preferences can be explained as follows. Suppose that
the alternatives in L can be ordered in some way (left to right, smallest to biggest, etc).

We say that agents have single-peaked preferences over the set of alternatives if each

2TPrecisely, they assume unanimous rules which will be formally defined later. And their concept of
incentive compatibility is ordinal Bayesian incentive compatibility. But we show the equivalence between
the incentive compatibility in our environment and their concept in Appendix. Also, their non-neutral
environment refers to the environment where the value distribution violates the condition of neutrality
that the ordinal type distribution is uniform.
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agent ¢ has a most preferred alternative (agent i's peak), [ € L and agent i prefers [’ to
[" if and only if " is closer to [}

The primary objective of this section is to show a new implication of incentive com-
patibility in the non-neutral environment in Majumdar and Sen (2004) on the domain of
single-peaked preferences. Specifically, we show that an IC ordinal rule is not necessarily
dictatorial in this restricted domain. Furthermore, IC ordinal rules in this setting require

information only on agents’ peaks, not their full rankings.

7.1. Model On Single-Peaked Preferences Domain. Consider single-peaked pref-
erences where alternatives are linearly ordered, L = {1,2,3,...,m}. The typical elements

of L are now denoted by integers. The value set V; over alternatives has the following

property.

There exists an alternative [; € L , the peak of v;, such that for every v; € V; and
LI e A,

<1<ty = <

r<l<l = <o

The set of value profiles satisfying the above property is denoted by V. We assume
that the distribution over V" has full support. On the domain of single-peaked prefer-
ences, the associated type set is 7°F, a subset of the ordinal type set, i.e., T C TORD,
The full support assumption implies the full single-peaked preferences domain.?® In other
words, it allows all admissible ordinal preferences satisfying the above property. For ex-
ample, with 3 alternatives, T°7 = {123, 213,231,321} C TOFP = {123,132,213,231, 312, 321}.

We deal only with ordinal and deterministic rules, g : (TSP )n — L. In addition,
we impose that rules satisfy a unanimity condition, which states that in any case where
all agents agree on a particular alternative as the best, then the rule must choose that
alternative. This is a commonly-used axiom in the social choice literature. It is useful to
define another function related to ranking of alternatives. For i € N, let v, : T — L

denote the kth-ranked alternative in t;.

Definition 8. A rule g is unanimous if g (¢;,¢_;) = [ whenever | = ry (¢;) for every agent
i€ N

28Gershkov et al. (2013) assume the linear environment of utilities, which implies a strict subset of full
single-peaked preferences domain.
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The information structure is the following. We frequently use the induced distribution
over type profiles, v (ty,...,t,) = pr ({v e VSt (v;) =t; for every i € N}) because
we focus on ordinal rules. For any Q C (TSP)n, let v (Q) = X,..tmyeqV (ti, s tn). We
have two assumptions on v. First, types are assumed to be independent but not neces-

sarily symmetric across agents. Second, v is assumed to satisfy the following property:
for all Q, R C (T57)",

v (Q) =v(R)]=[Q=R]

Majumdar and Sen (2004) introduce the set of distributions which satisfy the above
conditions. We denote this set by C' and denote the set of independent distributions by
Al. They show that C' is large and generic in A with the two properties: (1) C' is open
and dense in Al and (2) A’ — C has Lebesgue measure zero. They prove that given
v € C if a rule g is unanimous and IC then g is dictatorial. But, the following example
shows that there exists a unanimous, IC, and non-dictatorial rule even with v € C' on
the domain of single-peaked preferences.

Example 3. Consider the rule g defined below with 3 alternatives and 2 agents.

to\f1 | 123 | 213 | 231 | 321
123 1 1 1 1
213 1 2 2 2
231 1 2 2 2
321 1 2 2 3

In the array, agent 1’s types appear along the columns and agent 2’s along the rows.
The inside entries indicate g (t1,%2). It is obvious that the rule is unanimous and non-
dictatorial. In fact, the rule is IC with respect to any distribution, because the prob-
abilities that each alternative is chosen under the rule conditional on a truthful type
announcement first-order stochastically dominate the probabilities conditional on other

type announcements regardless of any distribution.

7.2. Peak-only rules and Incentive Compatibility. A peak-only rule is a rule that
depends on peaks in agents’ preferences. That is, we do not need full ranking information

in agents’ preferences to implement the rule.

Definition 9. A rule g € FOEP is a peak-only rule if g (1, ..., t,) = g (t}, ..., t,,) whenever
(t1,....tn) and (¢, ..., 1) are such that ry (¢;) = (¢;) for all i € N.
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The following theorem shows the main result of this section.
Theorem 3. Every unanimous and IC rule g € FORP s a peak-only rule.

Proof of Theorem 3:
The first step is to show a useful lemma that given v € C, an IC rule g € FORP
should satisfy a certain property called Property M.?? The second step is to prove that

if g satisfies the unanimity and Property M, then g is a peak-only rule.

Step 1) For the lemma, we define the set of alternatives that are weakly preferred to al-
ternative [ of type t; (the upper contour set) such that B (I, ;) = {l’ cL:v' > fort(v)= t@-}.
Also, we define Property M below.

Definition 10. The rule g satisfies Property M, if for every agent ¢« € N, for all integers
k=1,..,m , and for every t;,t; such that B (ry (t;),t;) = B (ry (t;) ,t}), we have

lg (ti,1-3) € B (ri (t:) . 1:)] = [g (£, 1) € B (re (t;) , £7)]

It implies that when two ordinal types t; and t; share the top k alternatives and

g (t;,t_;) is one of the top k alternatives, Property M demands that ¢ (¢/,¢_;) must be

one of the top k alternatives.
Lemma 5. Given v € C, if a rule g € FOEP s IC then g satisfies Property M.

The proof of Lemma 5 is in the Appendix.

Step 2) Since the formal proof has some technical parts, we place it in the Appendix.
Instead, we provide a simple example that shows the crucial idea of the second step.

Example 4. Let A ={1,2,3}, N = {1,2}. Given v € C, consider an incomplete rule
g below.

to\f1 | 123 | 213 | 231 | 321
123 1 [ U 1
213
231 2 2
321 1 3

First, g is unanimous. Assume that ¢ is IC, but not a peak-only rule. Then, there
exists (t1,t2) and (¢}, t5) with m (t;) = 1 (¢)) for i = 1 or 2 such that g (t1,t2) # g (¢}, t5).
Consider (t1,t2) = (213,123) and (#},t,) = (231,123) and let ¢(213,123) = [ and

29We borrow the name and definition of this property from Majumdar and Sen (2004).
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g(213,123) = I'. If [ or I" is equal to 2 (the shared first-ranked alternative of type
213 and 231), Lemma 5 requires that [ =’ = 2, which contradicts that [ # I’. Hence, [
or [ should be 3 because [,1" # 2 and | # I'. But, it also leads a contradiction by Lemma
5 because B (ry (123),123 (= t2)) = B (r2 (213),213) and ¢ (213,213) = g (231,213) = 2
from the unanimity of the rule. The formal proof extends this idea with an arbitrary

number of agents and alternatives.[]

8. CONCLUDING COMMENTS

We have investigated the efficiency and incentive compatibility of voting rules in a
Bayesian environment with independent private values and at least three alternatives.
First, we characterize the ex-ante Pareto frontier of the set of ordinal rules. Furthermore,
we prove that in a neutral environment, essentially any ex-ante Pareto efficient ordinal
rule is IC, which implies that the usual conflict between efficiency and incentive com-
patibility does not exist in the class of ordinal rules. This conflict, however, arises if we
consider cardinal rules. That is, it is not straightforward to design a cardinal rule which
is more efficient than ordinal rules as well as IC. However, we successfully construct an
IC cardinal rule superior to any ordinal rule when agents are symmetric ex-ante. With
three alternatives, this cardinal rule turns out to be an IC (A,B)-scoring rule in Myerson
(2002). Lastly, the condition of incentive compatibility becomes a strong constraint in
a non-neutral environment. Any IC ordinal rule is a peak-only rule on the domain of
single-peaked preferences.

We do not attempt to derive an optimal cardinal rule subject to incentive compatibility
because an analytical characterization of this second best rule is difficult to obtain. But
we believe that our paper addresses some of the most basic questions regarding the design
of IC voting rules in a Bayesian environment, and that our results are building steps to
find this second-best rule. In addition, the method of using a finer partition and finding
a condition for incentive compatibility in the proof of Theorem 2 is novel and worthy
of attention. This method may be applicable to a more general distribution of agents’
values for designing a superior voting rule or even to different fields such as allocation

or matching rules. We hope to deal with these directions in future study.

APPENDIX: PROOFS

Proof in Section 5
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Proof of Lemma 1. Consider g(v) = 5% f (v )”_1. First, g is neutral. For any
gEPD

o* € ¢,

) - ( i >>“)” s <f<<w*>">”“>”

0'€¢ ‘oco
S WA CAL) IS Sy )
oed) U€¢

where the second equality follows from the fact that the permutation of an aggregated
vector is the same as an aggregation of the individually permutated vectors, and the
fourth from the fact that {o* (o) : 0 € ¢} = ¢.

Moreover, U; (f) =E(9;- f (0)) = L X E(8; | v; € Vi) - E(f (0) | v; € V'), where the
second equality follows from the neutrafegnvironment which yields the same probability
of any ordinal type % To see the connection between f and g, we change the expression
of U; (f) with permutations. Fix t € TOFP,

U (f) = ZE(”’MZGW) E(f (07) | vi € V)
0'€¢>

= YR uer) E(F67) uel;)

UE(Z)

= E<@i|vi€‘/it> |ZE( |v,€Vt>

U€¢

where the second equality follows from the fact that for z,y € R™ and =%, 27 -y

x -y, and the third from the neutral environment.

Since this formula holds for any ¢ and any ¢,

—1

cmﬂ:2<(%W€W)Zﬁ( Mewﬁ

teT oEP

1 1
= % (E(ﬁz’%é‘flt) ( Zf ’UZ'GV?))
teT U€¢>

= U (9).
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Proofs in Section 6

Proof of Lemma 3. Assume h () = 0. First, check the incentive constraint between
t and t'.

For v; € V/(B) and v} € V'(3),

(2o 1)) ~E o (1)

v[” (P(®Y - P(p)™ ) o (P(B)2 — P(B)™) + v (P(B)F) - P(B)®)
(1= o) (P — PRI + (s~ o) (P — P32
(1 —o") ((Pwﬂ P(BYM) + 8 (P(5)” = P(5)™))
= (1= n(s) =0.
The inequality comes from the fact that v; € V() and P(8)? — P(3)™ > 0.

%

Similarly,
v+ (E (99 (#.1)) —E (95 (1.2)))
> (1 — o) (PO = PBM) + 5 (P(B)P — P(5)))
=— (1= n(B) =0
The condition, h(3) = 0 can be interpreted with the cut-off agent argument as well.
The cut-off agent is the agent with the value of the second-ranked alternative U?] =
g+ (1-7) vl[g} which divides the H type and L type sets. If this agent is indifferent

between the announcement of an H type and an L type, then every agent is willing to

announce his or her true type.

Second, consider the remaining incentive constraints regarding other type announce-
ments.
For ¢/ = tH ! =L where t € TORP,

E (gg (t”, f_i)) =E (gg (t, f_i))g for some o. similarly,

E (gg (t’”, f_i» =E (gﬁ (t’, f_2->)g for some o.

Note, that the value order of coordinates in P(f) and P(f)’ still follows the order of
value announcements from the similar argument in the proof of Theorem 1.

By the first order stochastic dominance of E (gg (t,f,i)) over E (gg (t” ,f,i)) and
E (gg (t’, f,i» over E (gﬁ (t’”, f,i», and the above argument between ¢ and ¢,

0 (1)) 2 B o )
v; - E (gg (t,f_i)) > - E (gg (t’,f_i)) > - E (gg (t’” t_ )) , and
2 (0 (1.1) > 12 o ()
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v, E (gg (t’,f_i» > - E (gg (t,f_i)) > - E (gg (t”,f_i)).
The other direction in the claim is obvious from the first part of this proof, so it is
omitted.[]

Proof of Lemma 4. According to the definition of the score vectors, limg_,o s7 ()3 =
limg_,; s%(B)3. Thus, it is sufficient to show that s7 ()3 and s(3)? are (weakly) decreas-

ing in #. Given 0 < B < 1 < 1,
[2],[,1

T (B1)* =g Sy f{41f[31f o ol (v, 0™ dvlP o do™ [T (By),
[2] —B2

T(B2)* =g Lo f[41f[31f a o i (0, ™) doP o dvl™ [p (8).

o2
Since “— ﬂﬁl < 21—652 and p? (By) > p (By), for any a > 0,

Pr“]g(ﬂvlew (52)]<P7“[H<Oé|vz€vt (51)}

By the first order stochastic dominance, s (3,)° > s (8;). It means that s (3)°

are (weakly) decreasing in 3.

Similarly,
UP] m m
S5 (80" =Jo Flone Pl Lo S, 0P (01 0™ ) do® ol dvl™ /" (81)
fEcn
UP] m m
SE(B2)* =Jo o Lo L S o (0 s o™) dvPdv?. o™ /o (B).
=5

Since * 11 ;fl < A= % and P (By) < P (f3,), for any a > 0,

Pr[ lH >alv € V;tL(/Bg)} > Pr Mg] >alv € VitL(Bl)}.

By the first order stochastic dominance, s* (8,)* > s% (5,)*.0

Proof of Claim 1. For limg oh(3) = lims_o P(8)Y — P(B)M < 0, we know
that at every case the change of announcement from H type to L type weakly increases
the probability that the first-ranked alternative is chosen. Thus, it is sufficient to find
the case where the change strictly increases the probability as [ is close to 0. We
can always find the case where gz (¢;,t_;) = (é, £,0) when every one’s type is H type
and gs (t;,t_;) = (1,0,0). For example, for n = 2, t; = abc” and t, = bac” and for

n = 3,1t = abc?! | ty = bca®, and t3 = cab”. Generally, for any n = 2 or n > 4,
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we can combine above two profiles to find the case.?’ Since all other types are H types
(limgo p(8) = &), limgo P(8) — P(B)1 < 0

Next, for limg_,; h(8) = limg_,; P(B)Bl — P(B)Bl > 0, it is sufficient to find the case
where the change of an agent’s announcement from L type to H type strictly decreases
the probability that the third-ranked alternative is chosen as /3 is close to 1.*! We can
always find the case where gg (t},t_;) = (0,3,3) or (3,3,3) when everyone’s type is L
type and gg (t;,t—;) = (0,1,0). For example, for n = 3, t{ = abc’ , ty = bea® and
t3 = cab® and for n = 5, the same t/ ty t3, t4 = bcal and t3 = cba’. Generally, for any
n =3 or n > 5, we can use the above two profiles to find the case. However, we may not
find the case when n = 2 and n = 4. For n = 2, the possible case where gz (¢;,t_;)* > 0 is
that ¢, = abc® and t, = cba”. But , in some distributions such that s (3)* > HSTL(B) for
any € (0,1), gg (t;,t—;) = (0,1,0)= gs (t;,t—;). The argument for n = 4 is analogous.
Since all other types are L types (limg_,1 p*(8) = =), limg_; P(B)¥ — P(3) > 0.

Note that Claim 1 still holds with more than 3 alternatives, considering that the shared
top 3 alternatives are replaced with the 3 alternates in the above cases and gz is replaced

with gg constructed in Step 6.0

Proof of Claim 2. Suppose not (for all B e D, MB) L RB) 0). We have two

Bp— " Boft
cases.

ACaAse I: There exists 3; < 3, € D such /Bi(gl) L ﬂi(gz_ <0 %ndAh (B) is continuous on
(51, 52). By the intermediate value theorem, there is a § € (01, 52) such that h(5) = 0,

B . h(B)

- popy > 0

which contradicts that 5

Case II: For any 8, < f» € D , we have ﬂi(gl)Jr . ﬂi(gg)_ > 0. By Claim 1, h(B) is

continuous on some (0,51> with 51(21)_ > (0 or on some (Bg,l)/\ with B;(g;r < 0. By
Claim 1 and the intermediate value theorem, there is a 5 € (0, 51) or (52,1) such that

h(5) = 0, contradiction again.[]

Proof of Claim 3. From Claim 2, fix 5’ and consider a rule, ¢g* based on the
fixed partition P? but with a different score vector, s; (3 + €, ti). With sufficiently small
¢ > 0 such that 3 +¢ ¢ D, g" are different from g only in some of the tie cases of
30For example, for n = 4, t; = abc?, ty = bac™ t5 = abc™ and t, = bac”, and for n = 5, t; = abc? |
to = bea® ts = cab™, t4 = abe” and t5 = bac, and so on.

MRecall, h(B) = (PBM-PEYH) + B(PB)E - PB)2)=(1-8) (PRI - PB)N) +
B (P(B)1 — P(B)B).
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g5- That is because any 3 € D involves tie cases where S (B,t_,-)l = GH (B,t_i>l/ or
St (B,t_iy = Sk (B,t_i)l, forl #£1 € L as seen in Example 2. With PB, we obtain
the balance function of g™, h™ (3) = ,B]iﬁﬁ))Jr Because of the same partition PP and the
different decisions only in tie cases of 93 g is still a maximizer of the utilitarian social
welfare in F'P’. Similarly, we design a rule, g~ based on P? but with S; (B — €, ti) and

the balance function h™ (3) = BZ(%)— . From this perspective, we can say that gtand g~

are scoring rules with the same score vectors of gs, but with different tie breaking rules.
)

nr(8)-h=(5)

the balance function of g, o (3) is equal to 0. Hence, g, is an IC cardinal rule. In order

Finally, consider a rule g, = ag™+(1—a)g~, where** a = € [0, 1] such that

to compare with ordinal rules, we will use the identical function, f* (v) = gu(t1, ..., t,) in

the next step.U]

Proof of Corollary 2. Every step is the same as the proof of Theorem 2 except the

second part in the proof of Claim 1. For n = 2, consider | = abc’ and t, = cba®. Since
E(ol'|PORD ) 1 (5% pORD

E (@m | Pz'ORD) = sk (1)? §1+s;(1)3 = ( )2 ( ) , s&(B)* increases and

s (B)® (weakly) decreases in 3, we have gg (£, t_;) = (3,0,1) and gg (¢;,t—;) = (0,1,0)

as 3 closes to 1. For n = 4, we have the case where t' = abc’ .ty = cba® t5 = abc® and

t, = cba®.0

Proofs in Section 7

Proof of Lemma 5. The first part of the proof is to show the equivalence between
the incentive compatibility in this paper and the ordinal Bayesian incentive compatibility
in Majumdar and Sen (2004). We can define the ordinal Bayesian incentive compatibility

with our notations.

Definition 11. (Majumdar and Sen (2004))
A rule g € FOEP is Ordinally Bayesian Incentive Compatible (OBIC) with respect to
the belief v if for all i € N | for all t;,, € TOFP for all v; € V", we have

If g is OBIC, then g is IC, which is obvious. The other direction holds because of the

assumption of full support of V5F.

WQ +h= (B) <0 from Claim 2
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Then, the second part is to prove that if g is OBIC, then g satisfies Property M. This
part is omitted because it is shown in the proof of Theorem 4.1 in Majumdar and Sen
(2004).0

Formal Step 2 in the proof of Theorem 3. Assume that a rule g € FORP is
unanimous and IC, but not a peak-only rule. It implies that there exists two type profiles
(t;,t—;) and (t,t_;) with ry (¢;) = 71 (¢}) such that g (¢;,t_;) # g (t;,t—;). Without loss of
generality, fix the agent i as agent 1 and consider t1,t] such that ry (1) = r (t}) = [*
and 7y (t1) = 7 () for b = {1,....,1 —1,1+2,...,m}. In other words, all the ranked
alternatives of two types t; and t| are the same except the [ th and [ 4+ 1 th-ranked
alternatives. Note that r; (t1) > I* > 741 (1) or r;(t1) < I* < 141 (t1) because of the

domain of single peaked preferences. We can think of three cases according to g (¢1,t_1).

Casel: g (t1,t_1) = I*. By Lemma 5, g (t|,t_1) = I*, which contradicts that g (t1,t_1) #
g(E,t1). Thus, g (1) £ 1"

Case II: g (t1,t_1) > [*. Then, g(t},t_1) < I*. Suppose not, g (t},t_1) > I*. If
g (th,t—1) = I*, similarly to Case I, g (t;,t_1) = [*, contradiction. If ¢ (¢|,t_1) > [*
and without loss of generality ¢ (t1,t_1) < g (t], _1), then the single-peaked prefer-
ences domain guarantees that there exists k such that B (ry (¢1),t1) = B (ry (t}) , ;) and
g(ti,t_1) € B(ri(t1),t1), but g(t),t-1) & B (s (t]),t]). It contradicts that g satisfies
Property M.

Case III: ¢ (t1,t_1) < I*. Then, g (¢],t_1) > [* because of the analogous argument in
Case II.

Thus, we can start with that g (t1,t-1) > I* > g (t},t-1) or g (t1,t1) <" < g (t},t-1).
After the following argument with agent 2, we will apply the same argument to agent
3,...n and show the contradiction to the unanimity of the rule.

Consider the case that g (t;,t_1) > I* > g (t},1-1) (In the other case, the contradiction
can be similarly shown). Take another agent, say agent 2. We have three cases according
to I* (t2)

Case A: [* (t) < I*, then the full single-peaked preferences domain guarantees that
there exists t, such that [* (¢,) = [* and, for some k, B (ry (t2),t2) = B (rx (th), 1)),
g (t1,ta, ..., ty) & B (ry (ta) , ta) but I* € B (ry, (t2) ,t2). By Lemma 5, g (t1,t), ..., t,) # I*.

Case B: I* (tg) = I*, set th = t,.
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Case C: I* (ty) > I*, then the full single-peaked preferences domain guarantees that
there exists ¢, such that [* () = [* and, for some k, B (ry (t2),t2) = B (rg (1) ,15),
gt ta, ..y ty) & B(rk (t2) , t2) but I* € B (1 (t2) ,t2). By Lemma 5, g (£}, 15, ..., t;n) # .

Therefore, at least one of g (ty,t),....t,) or g (t|,t,,....,t,) cannot be [*. From the

arguments of Case I,II, and III we have that g (¢1,t5,....t,) > ¥ > g(t|,th, ....;t,) or
g (t1,th, . t) < 1" < g(t),th, ... t,).

Again, we can fix t) and apply the same argument to agent 3 and repeat the same
procedure to agent 4,..n. Then we reach that g (t1,th,t5,....t0) > I* > g (|, ), ..., 1))
or g (ty,th,th, ...t) < I* < g(t,th,t5,...,t) with ry (t;) = [* for every ¢ € N, which

contradicts the unanimity of the rule.[]
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