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Abstract

This paper is concerned about the use of the bootstrap for spatial econometric models. We show that the
bootstrap for spatial econometric models can be studied based on linear-quadratic (LQ) forms of distur-
bances. By proving the uniform convergence of the cumulative distribution function for LQ forms to that
of normal distributions, we show that the bootstrap is generally consistent for test statistics that can be
approximated by LQ forms, which include Moran’s I, Cox-type and spatial J-type test statistics. Possi-
ble asymptotic refinements of the bootstrap for spatial econometric models require the existence of some
asymptotic expansions for LQ forms. We discuss two cases: when the disturbances are normal, we directly
show the existence of Edgeworth expansions and apply the result to Moran’s I to show the second-order
correctness of the bootstrap; when the disturbances are not normal, we show the existence of a one-term
asymptotic expansion based on martingales.
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1. Introduction

The bootstrap is a statistical procedure that estimates the distributions of estimators or test statistics
by resampling the data. Its approximations can be at least as good as those from the first-order asymptotic
theory under mild conditions. Thus it can be used as an alternative when evaluating the asymptotic
distributions is difficult. A more appealing feature of the bootstrap is that it is often more accurate in
finite samples than the asymptotic theory, i.e., it can provide asymptotic refinements. The bootstrap
is frequently used to correct the bias of estimators, estimate the critical values for hypothesis tests and
construct confidence intervals. Useful survey papers on the bootstrap include, among others, DiCiccio and
Efron (1996), MacKinnon (2002), Davison et al. (2003), and Horowitz (2001, 2003).

The bootstrap has been discussed and implemented by many researchers for models in spatial econo-
metrics. Anselin (1988, 1990) discusses the bootstrap estimation in spatial autoregressive (SAR) models,

which is implemented by Can (1992). Fingleton (2008) and Fingleton and Le Gallo (2008) use the bootstrap
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to test the significance of the moving average parameter in models with spatial moving average distur-
bances. Lin et al. (2011) investigate the properties of bootstrapped Moran’s I under heterogeneous and
non-normal disturbances by Monte Carlo study. Fingleton and Burridge (2010) and Burridge (2012) find
that the bootstrap can essentially remove the size distortion of the spatial J test in Kelejian (2008) in Monte
Carlo studies. Yang (2011) proposes the residual bootstrap for LM tests of spatial dependence. Jin and
Lee (2012) employ the bootstrap to remove the size distortion of Cox-type tests for SAR models with SAR,
disturbances (SARAR models for short). Su and Yang (2008) suggest a bootstrap procedure that leads to
a robust estimate of a variance-covariance matrix. Yang (2012) proposes a bootstrap procedure to correct
the bias and variance of quasi-maximum likelihood estimators (QMLE) for SAR models. Monchuk et al.
(2011) compare several bootstrap methods in Monte Carlo studies for constructing confidence intervals in a
spatial error model.

Although there have been many applications of the bootstrap in spatial econometric models including
Monte Carlo studies in the preceding papers, its validity for these models has not been formally justified.
The objective of this paper is to establish the consistency of the bootstrap for several test statistics in
spatial econometric models and provide a preliminary discussion of possible asymptotic refinements. We
shall show that many estimators in spatial econometric models can be approximated by linear-quadratic
(LQ) forms of the disturbances, and test statistics are either approximated by or closely related to LQ forms,
because of the presence of spatial dependence. The bootstrap in spatial econometric models thus can be
studied based on LQ forms in general. Kelejian and Prucha (2001) prove a central limit theorem for LQ
forms using a central limit theorem for martingale difference arrays. We shall show that the convergence
of the cumulative distribution function (CDF) for a LQ form is uniform under the same conditions. Using
this uniform convergence, the bootstrap can generally be shown to be consistent for statistics that can be
approximated by a LQ form. We apply the result to show the consistency of the bootstrap for Moran’s I
and the spatial J-type tests (Kelejian and Piras, 2011).

We shall also discuss the possible asymptotic refinements of the bootstrap for spatial econometric models
based on the LQ forms. For non-spatial econometric models, the bootstrap is often considered for the
statistics that are smooth functions of sample averages of independent random vectors, see, e.g., Hall (1997),
or stationary dependent random vectors, see, e.g., Gotze and Hipp (1983, 1994). The existence of an
Edgeworth expansion for the random vectors can be used to prove the consistency and asymptotic refinements
of the bootstrap. The framework does not apply to LQ forms, which cannot be written as simple averages
of disturbances or their cross-products. We may investigate whether the bootstrap can provide asymptotic
refinements by considering Edgeworth-type expansions of LQ forms. Such expansions, however, have not
be proved to exist in the literature. For normal disturbances, we shall show the existence of Edgeworth
expansions and apply the result to show that the bootstrap can provide asymptotic refinements for Moran’s
I; for non-normal disturbances, we verify an asymptotic expansion of L(Q forms based on martingales
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(Mykland, 1993). The asymptotic expansion based on martingales is not in a pointwise topology but sheds
light on the bootstrap. It implies the second-order correctness of the bootstrap for LQ forms in the sense of
the convergence in Mykland (1993).

The rest of the paper is organized as follows. Section 2 demonstrates a close relationship between LQ
forms and estimators and test statistics in spatial econometric models; Section 3 first shows the uniform
convergence of the CDF for LQ forms and then applies the result to show the bootstrap is consistent
for Moran’s I and spatial J-type tests; Section 4 establishes the Edgeworth expansion of LQ forms with
normal disturbances, which is applied to show the second order correctness of the bootstrap for Moran’s I,
and establishes the asymptotic expansion in Mykland (1993) for LQ forms with non-normal disturbances;

Section 5 concludes. Lemmas and proofs are collected in the appendices.

2. Statistics in Spatial Econometrics and LQ Forms

In this section, we show that several estimators for spatial econometric models can be approximated by
LQ forms of disturbances, and many test statistics can be approximated by or relate closely to LQ forms.
As a result, we may study the bootstrap in spatial econometric models based on LQ forms. As the SARAR
model is a popular and general spatial model, which contains both the spatial lag (SAR) model and spatial
error (SE) model as special cases, our discussion will mainly focus on this model. A SARAR model is
specified as

Yn = )\Wnyn + Xnﬁ +Up, Up = pMnun +éen, €= (6711; ceey 6nn)/a (1)

where n is the sample size, ¥, is an n-dimensional vector of observations on the dependent variable, X, is an
n X k, matrix of exogenous variables, W,, and M, are n x n spatial weights matrices with zero diagonals, €,;’s
are i.i.d. with mean zero and variance o2, and 8 = (\, p, 8, 02) = (7', 0?)" is a vector of parameters. Let 6
be the true parameter vector, S,(A) = I, — AW,, and R, (p) = I, — pM,, with I,, being the n-dimensional
identity matrix. Denote S,, = S, (Ao) and R,, = R,,(po) for short. The SARAR model nests the SAR and
SE models. The SAR model is (1) with i.i.d. disturbances, i.e., p = 0, and the SE model is (1) without the
spatially lagged term of the dependent variable, i.e., A = 0. The spatial Durbin model adds an additional
term (+W,,X,() to the r.h.s. of the equation for y, of the SAR model. As W, X, can be taken as an
exogenous variable matrix, with some additional identification consideration in some cases, the analysis for
a spatial Durbin model is similar to that for a SAR model.

For estimators of the SARAR model, the derivative of the corresponding criterion function evaluated at
the true parameter vector is often a LQ form of the disturbances, rather than just a linear form, because of
spatial dependence. As a result, these estimators can be approximated by a LQ form. Lee (2004) has proved

the consistency and asymptotic normality of the QMLE for a SAR model without SAR disturbances. The



analysis can be extended to the SARAR model (1) as in Jin and Lee (2012), from which we have

9° L (8o) ) ~1 1 9Ly(o)
2006 ) Jn 06

where 6,, is the QMLE and L, (0) denotes the log likelihood function of the model. Every element of the

vector ﬁaLgiéeO) is linear in the disturbances or of the LQ form

Vb, — 6y) = 7(%13 +op(1), (2)

(enAnen — g tr(An) + bren) /v/n, (3)

where A, is an n-dimensional square matrix and b, is an n-dimensional vector. Thus every element of

V/n(0, — 0y) can be approximated asymptotically by a linear combination of LQ forms, which is still a LQ
form with the same €,. For the generalized method of moments (GMM) estimator, from Lee (2001, 2007),

VG — o) = —((E 89;5(7’70))%%(13 3gg§70) ))_I(E 89%(770))%%\/5%(%) +op(1),

where 4, is the GMM estimator of v, a,, is a matrix with full column rank greater than or equal to (k. +2),
and gn () = (€.(7)D1nen(7), -+ €,.(V) Dmnen (), €,(7)Qn) /1 with €,(7) = Ru(p)[Sn(N)yn — Xnf], Din’s
being n-dimensional square matrices with zero traces and @, being a matrix of instrumental variables
constructed as functions of X,,, W,, and M,, in a two-stage least squares (2SLS) approach. Every element
of v/ngn(70) is a quadratic or linear form of the disturbances, then every element of /n(%, — 7o) can be
approximated by a LQ form of the disturbances. The spatial generalized 2SLS (G2SLS) approach in Kelejian
and Prucha (1998) first estimates (), ')’ using only linear moments, then derives estimates of p and o2 based
on quadratic moments using the residuals from the first step, and finally updates the estimate of (A, ')’ by a
G2SLS taking into account the covariance structure. As (X, 8’)" is estimated using only linear moments, its
estimator can be approximated by a linear form of the disturbances, but the estimator of p is approximated
by a LQ form because quadratic moments are used.

The estimators discussed above can be used to implement hypothesis tests such as the classical Wald,
likelihood ratio and Lagrangian multiplier (LM) tests in the likelihood framework, or by the Wald test,
the distance test, and the gradient test in the GMM framework. These asymptotically equivalent tests are
based on the asymptotic normality of the estimators. As a result, these classical test statistics can be studied
based on LQ forms. In addition to the classical hypothesis tests, Moran’s I (Moran, 1950; Cliff and Ord,
1973, 1981) is a popular test for spatial dependence, and tests for non-nested hypotheses, such as the spatial
J-type tests (Kelejian, 2008; Kelejian and Piras, 2011) and Cox-type tests (Jin and Lee, 2012), have been
proposed for testing the selection of various spatial weights matrices in spatial models.

The Moran [ statistic is
n € Mpé,
I Myl € én

where [,, is an n-dimensional vector of ones and €, is the residual vector from the least squares estimation.

The test is based on the asymptotic normality of the standardized test statistic by deducting the mean and
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dividing by the standard deviation. Burridge (1980) shows that for the SE model with normal disturbances
or the spatial moving average model
Yn = n6+un> Unp :pMn6n+€n7 €n NN(ngQIn)a

the LM test statistic is proportional to the Moran I statistic, which is
B n & Mpé,
VEQR MM,

I, (4)

Let H,, = I, — X,,(X/ X,,)"*X/. Under the null hypothesis of no spatial dependence, Eq. (4) becomes

B n e H,M,Hye,
" (M2 + M!M,) € Huen
n e, H,M,Hye, — ol tr(M,H,) n tr(M, Hy)
B Vitr(M2 + M/ M,) (n —kz)og * V(M2 + M, M,) n—ky (5)
n e H, M, Hye, (e;Hnen —(n— /cz)ag)
/(M2 £ M M,) (n — ky)o2e, Hyen '

Under some regularity assumptions, the last two terms on the r.h.s. of Eq. (5) have the order O(n='/2),
thus the LM or Moran I statistic can be approximated by a quadratic form of the disturbances. Kelejian
and Prucha (2001) propose a generalized Moran’s I test for which the test statistic equals a quadratic form
of some regression residuals divided by a normalizing factor. Their regularity conditions guarantee that the
test statistic can be approximated by a LQ form.

The spatial J-type tests for testing one spatial econometric model against another one are based on
augmenting the null model by using a predictor from the alternative model. The augmented model is
estimated by the 2SLS in Kelejian (2008) or Kelejian and Piras (2011) and then they test whether the
coeflicient of the predictor is statistically different from zero or not. Hence, the test statistic is only a linear
form of the disturbances plus a term that converges to zero in probability. But a linear form is just a
special case of the more general LQ form, so the test statistic can also be studied using LQ forms. The
more efficient GMM estimation with both linear and quadratic moments for the augmented model may
significantly improve the power of the spatial J-type tests (Jin and Lee, 2012). The test statistics with the
GMM estimation are approximated by LQ forms.

Jin and Lee (2012) derive the Cox-type specification tests for SARAR models. The Cox-type tests are
based on the log likelihood ratios for the null and alternative models with proper adjustment for the nonzero
mean. While the first order asymptotic expansion of estimators can be approximated by LQ forms, the
adjusted log likelihood ratio itself is a LQ form at given parameters. As a result, the Cox test statistic,
equal to the adjusted log likelihood ratio divided by its standard error, is the sum of a LQ form and a
remainder term where the remainder converges to zero in probability.

Our study focuses on the bootstrap for test statistics which can be approximated by LQ forms, including

Moran’s I and spatial J-type test statistics.



3. Counsistency of the Bootstrap

In this section, we first present a general result on the consistency of the bootstrap for statistics that
may be approximated by LQ forms. Then we apply the result to the Moran I statistic in Eq. (5) and J-type
test statistics for SARAR models.

Consider a statistic t,, for a spatial econometric model which is asymptotically normal with mean zero.
The t,, would involve spatial weights matrices, exogenous variables and dependent variables. The dependent
variables in t,, can be replaced by their reduced forms as functions of disturbances €, = (€n1,-- -, €nn)’,
exogenous variables and the true parameter vector 6. The ¢, may also involve the estimator 0,, of 0y and
the estimator ¢, of other moment parameter vector ¢y for €,;. To compute a bootstrapped version of t,,
a proper bootstrap procedure needs to be considered. The spatially dependent variable usually cannot be
resampled directly, because doing so would destroy the inherent dependence structure. Instead, the residual
bootstrap can be used as we usually assume that the disturbances €,;’s are i.i.d.. We may first derive a
consistent estimator of parameters in a spatial econometric model and compute the residual vector €,. The
€, may not have a zero mean, so we deduct its empirical mean from the vector to obtain ¢, = (I, — %lnl;)én.l
Next, sample with replacement n times from the elements of &, to obtain a vector €.? Then a pseudo data
vector y;; on the dependent variable can be computed by using the reduced form with the parameter 0,
and disturbances €. For example, for the SARAR model (1), we have y = Sgl(;\n)(XnﬁAn + R (pn)er).

Estimating 0 using y; yields é:‘L and a residual vector €. The bootstrapped version of ¢,,, };, is the statistic

*
n?

obtained from replacing €,, 6o, 6,, and ¢, in t, by, respectively, € én, é; and ¢, where ¢ is a vector of

sample moments of €, that correspond to the moment parameters in .

Let the second, third and four moments of the zero-mean i.i.d. disturbances €,;’s be o2, pu3 and py
respectively, A, = [an;] be an n-dimensional nonstochastic symmetric matrix, b, = (bn1,...,bnn)" be
an n-dimensional nonstochastic vector, and ¢, = n~1/2 (e;Anen — 08 tr(A,) + b;en) be a LQ form with
mean zero and variance o2 = n""[204 tr(A2) 4 03b;,bn + 21— ((1a — 308)a2 5 + 24300 iibni) | We assume

that ¢, can be approximated by ¢, /0., such that d,, = ¢, — ¢, /0., converges to zero in probability. Let

¢t = n"2 (e Anel, — 012 t1(Ay,) + bles) with variance 072 = n~ 205 tr(A2) + 0220, b, + S0 (g, —

n

2 1

3(7:4)613%” + 2u§nan,n‘bm)] conditional on the bootstrap sampling process, where o}* = n~'e ¢, u}, =
n~tY" & and pi, =n"t Y00 &y Define df, =t — ¢ /ol . We assume the following conditions about

Cp-

Assumption 1. The e,;’s in €, = (€n1, ..., €nn) are i.i.d. (0,03) and E |e,;|*3 1) < oo for some § > 0.

IFreedman (1981) shows the necessity of recentering for regression models. For the SARAR model (1), if X, contains I,
corresponding to an intercept term in the model, then the residuals from the quasi-maximum likelihood estimation have mean

zero and there is no need to recenter.

2That is, generate the bootstrap error terms from the empirical distribution function of the recentered residuals.
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Assumption 2. The sequence of symmetric matrices {A,} are bounded in both row and column sum norm-

s, and elements of the vectors {b,} satisfy sup, n=* S_1_| |bn:[23H) < o0.
Assumption 3. The Ufn is bounded away from zero.

The A, and b, are functions of spatial weights matrices and exogenous variables. As spatial weights
matrices are often assumed to be bounded in both row and column sum norms and the elements of exogenous
variables are assumed to be bounded constants (Kelejian and Prucha, 1998; Lee, 2004), it is reasonable to
impose Assumption 2. Kelejian and Prucha (2001) have proved the asymptotic normality of ¢, /o, under
Assumptions 1-3. Under the same conditions, we can have the uniform convergence of the CDF for ¢, /o,
to that for a standard normal variable as subsequently shown. As in Kelejian and Prucha (2001), we write
¢n, a sum of martingale differences, then theorems in Heyde and Brown (1970) and Haeusler (1988) on the
departure of ¢, /0., from the standard normal distribution are applicable. Let ®(z) be the CDF for a
standard normal random variable, P* and E* be, respectively, the probability distribution and expectation
induced by the bootstrap sampling process, and let K, and K} be constants such that for any n,

n n n
1
sup |an,ij] < Kq, sup E lan,ij| < Kq, and — E \bm-|2(1+’7) < Kpfor —1<n<a.
1<j<n = 1<i<n S n &

Theorem 1. Under Assumptions 1-3,

suE|P(cn/00n <z)—0(x)] <7y, (6)
TE
sup |P*(c, oz, < z) — @(z)| <1y, (7)
z€R

sup | P* (¢, /or +diy < a) —P(cn/0e, +dn < )| <1y + P(|dn| > 70) + 75 + P*(|d| > 70) + 2127727,
zER
(8)

sup|P*((c} /oy +djy)er, < @) = P((cn/0c, + dn)en < )| < v+ P(|dn| > ) + 755 + P*(|ds| > 7)
z€R ) (9)
+ 2125127 4 sup|®(z/e,) — ®(z/e})|,

reR
where T, is any positive term depending only on n, e, is a nonstochastic term depending on n, 0y and moment
parameters of e, T = Kog, (0 E120 =8/ (8420) (1, 411) 1428 (K, B €2~ 03 22042229 K (B e [2720) 24

Ky Blen*0) + 4" (05 K3 (s — 0g) + 405Ky + 00 KZ (13Ka + 05 Kp)(Ka + 1) + 2|ua|og K3 (|ua| Ko +

5 (1+6)/2\ 1/ (3+20) . . . .
UOKb)) ) with K being a constant depending only on 9, v} is a term obtained from replac-

ing the population moment parameters of en; in r,, with the corresponding sample moments of €5,,, and €, is
a term obtained from replacing 0y and population moment parameters of €n; in e, by, respectively, 0,, and

corresponding sample moments of € ..

3As €, Anen = €, (An + A))en/2, it is w.l.o.g. to assume the symmetry of A,.
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The Lh.s. of (6) is the Kolmogorov-Smirnov distance between the CDFs of two random variables. The
inequality gives a rate of convergence, O(n =%/ (3+25)), of the CDF of ¢, /0., to that of a standard normal
random variable. The larger is ¢, i.e., the higher moments of €,; assumed to exist, the faster is the conver-
gence. The convergence rate approaches O(n’l/ 2), the rate for a sample average of i.i.d. random variables,
as d becomes larger. A similar result for the bootstrapped version of ¢, /o, is given in (7). The result in (8)
is shown by using (6) and (7). To prove the consistency of the bootstrapped ¢, we may show that the r.h.s.
of (8) converges to zero in probability. This type of convergence with respect to the Kolmogorov-Smirnov
distance implies the asymptotic consistency of confidence intervals. If we can show that the sample moments
of €, converge in probability to the relevant population moments of ¢€,;, then the continuous mapping the-
orem implies that 77 is of order Op(n~=%/3+29)). The remainder term d,, is often of order Op(n~'/2), thus
we may let 7,, = o(n~'/2). Tt only remains to show that P*(|d| > 7,,) converges to zero in probability. For
asymptotically normal statistics with non-unit variances, e.g., various estimators, we may rescale terms in
(8) to obtain (9), which can be more convenient for the proof of consistency. Now we apply the results in
Theorem 1 to show the consistency of bootstrapped Moran’s I and spatial J-type test statistics for SARAR

models.

3.1. Moran’s I

To show the consistency of the bootstrap for Moran’s I in Eq. (5), we write I, in the form on the Lh.s.

of (9). Note that the variance of €, H, M, Hy€, is og tr(H, M, Hy, (M, + M})) when €, ~ N(0,021,), we

may let
Cn = n71/2 (fiLHnManEn - 0(2) tI‘(Man)), (10)
O'Sn = 77,710'3 tI'[HnMan(Mn + M;z)]v (11)
. n_ /te[Hy M, Hy (M, + M;)] (12)
"o —k, Vitr(M2 + M/ M,) ’
dn = Hn/en - cn/UCn' (13)

*
Ccpn’?

Let I be the bootstrapped I,,. The I, and the corresponding c}, o , e and d), are derived as described

earlier.

Proposition 1. Under Hy and Assumptions I1-1} in Appendiz A.1, the Moran I statistic in Eq. (5)
satisfies supep | P* (I < x) — P(I, < z)| = op(1).

The above proposition is the case where €, ~ N(0,021,), which guarantees that I,, in (5) is asymptot-
ically standard normal. When the i.i.d. disturbances are not normal, I, is still asymptotically normal but

with a non-unit variance in general, since the variance of €, H,, M, Hye€,, is (pta — 304) >y (Ho M, Hy )% +



o tr[H, M, H, (M, + M!)]. To make the test statistic robust to the distribution of the disturbances, we

consider the following statistic

e H, M, Hye,
Vnoe,

where 62 = n""(jfuun — 367) Sory (Hpy MpHy)2 +n= oy tr[Hy My, Hy (M, 4 M) with fig, =n= 37" €3,

I, - (14)

and fla, =n~' > éh.. The I, is asymptotically standard normal. We use (8) to show the consistency of

the bootstrap for I,. Now let

¢ =n" V2 (e Hy My Hyepn — of tr(M,H,)), (15)
n

o, =n""(pa —305) > (HnM, Hy)3 + n”" o te[Hy My, Hy (M, + M), (16)
=1

d, =1, —c,/oe,. (17)

Denote the bootstrapped I/, by I'*. Correspondingly, we have ¢, 0*3 and d;.

C

Proposition 2. Under Hy and Assumptions I11-13 and 1}’ in Appendiz A.1, sup,cp | P*(Iy < ) —P(I

x)| = op(1).

3.2. Spatial J-type Tests
In this subsection, we show the consistency of the bootstrapped spatial J-type tests for SARAR models
(Kelejian and Piras, 2011). Consider the problem of testing one SARAR model against another one:

HO : Yn = )\1W1nyn + Xlnﬁl + Uln, Uln = lelnuln + €1n, €in = (eln,la ey €1n,n)/a (18)

Hi: o yp = XWonyn + XonBo + up,  Usp = paMopuon + €25, €20 = (€201, €2n.0), (19)

where €1, ;’s are i.i.d. (0,07) and €2,;’s are i.i.d. (0,03). Other terms in the above models, with subscripts
indicating different models, have similar meanings as those for the model (1). For ¢ = 1,2, let 0, =
(Nis pis B, 02) Sin(Ni) = Ly — XiWin, Rin(pi) = I, — piM;,. The true parameter vector for the model (18)
is 019. The idea of the J-type tests is to augment the null model using a predictor g, for the dependent
variable from the alternative model and test whether the coefficient of the predictor is significantly different

from zero. In specific, the augmented model is

Rln(pl)yn - )\1R1n(p1)Wlnyn + Rln(pl)Xlnﬁl + OéRln(pl):gn + €n, (20)

Note that a spatial Cochrane-Orcutt transformation has been used for the efficiency of the predictor g,,.
Given an estimator ézn for the alternative model, a predictor of y, can be Xgntnyn + Xgnﬁgn from the

r.hus. of the equation for y, in (19) or Sy, (A2n)X2n B2, from the reduced form.! In Kelejian and Piras

4The analyses for the two predictors are similar. In the following part, we only focus on the predictor S\QnWQn’yn + Xgn,égn

for simplicity.



(2011), a spatial 2SLS estimator p; is plugged in (20) and g, is also computed using the spatial 2SLS
estimator, then (20) is estimated by the 2SLS. Alternatively, we can use the QMLE to compute g, and then
estimate p; jointly with A1, 81 and « in (20) by the GMM. Under the null hypothesis, each estimator of «
is asymptotically normal and the test is based on such a distribution. We first investigate the case with the
estimation method in Kelejian and Piras (2011), and then study the case with the alternative estimation
method.

The spatial 2SLS estimation of a SARAR model (Kelejian and Prucha, 1998), (18) or (19), involves sever-
al steps: v; = (\;, B])' is first estimated by the 2SLS, then the residuals are used to estimate & = (p;, 07)’ by
a GMM with quadratic moments of the form E(€},, D;; n€in) = 02 tr(D;;n), where D;; ,, is an n-dimensional
square matrix and o2, is the true second moment when the ith SARAR model generates the data, and finally
the estimates of A\; and f3; are updated by the 2SLS estimation of the Cochrane-Orcutt transformed spatial
model, for ¢ = 1,2. Kelejian and Prucha (1998) use the matrices I,,, M;, and M/ M,, for their quadratic
moments in the second step. Let Zi, = (Winyn, Xin), Pa, = An(AlA,)" Al for any full rank matrix
A,, with row dimension n, Y;, be the instruments for the first step estimation, ¥;, be the first step 2SLS
estimator of ~;, ém be the estimator of & in the second step, Z;, be the instruments for the final step and 9;,
be the estimator of ~y; from the final step.® With these notations, we have ¥;, = (Z.,, Pr,, Zin) " Z., Px,, Yn,
the objective function of the second step in the spatial 2SLS is g/, (&:; Yin)gn (&i; Fin), Where gn(&i;Fin) =
n €], (033 Yin)€in (pis Fin) — 107, €4, (pis Fin) My, M €in (pi; Yin) — 07 tr(M], Miy), €5, (053 Yin) Min€in (pi; Yin)]
with €, (pi; Yin) = Rin(0i)[Sin(Nin)Yn—XinBin], and 3ip, = (20, Rl (pin) Pz, Rin (pin) Zin) = ZL R (Pin) Pz Rin(Pin)Yn.-
For the estimation of (20), the instruments A, can be from both models, so they can be generated from

Xin, Xon, Win, Way,, My, and Ms,,. By the Frisch-Waugh-Lovell theorem on partitioned regressions,

~ ~ N ~ . 1—1 ~ N o
Qp = [(PAann(pln)yn)/(In - PVW,(ﬁln))PAann(pln)yn] (PAann(pln)yn)l(In - P\/’,l(ﬁln))Rln(pln)yn
= [Q; lln(/aln)PAn (In - PVn(ﬁm))PAnRln(ﬁln)gn]_lg; lln(ﬁln)PAn (In - PVn(ﬁm))Rln(ﬁln)Rfrzlelna
(21)

where V,,(p1n) = Pa, Rin(p1n) Z1n. As Rln(ﬁln)anl =1I,+ (p10 — pAln)Mlannl, the spatial J test statistic
Jin = G /6a, = [ Ry, (P1n)Pa, (In = Py, (51,)) Pa, Bin(p1n)in] /2 /61n, (22)

where 63, = n=te), é1, with éy,, = Rln(ﬁln)[Sln(j\ln)yn —Xlnéln], is asymptotically standard normal under
the null hypothesis and the assumption that n=*A,, Ry, (p1, )3, converges to a non-zero limit in probability
along with other regularity conditions. The assumption on g, is on the whole term n=*A,, Ry, (p15)n, but

remains implicit on the specific behavior of 49, under the null hypothesis. As we would like to study the

5The Y, can be generated from W;, and X;,, say the linear independent columns of X;,, WinX;n and WZ-QnXm, and
Z;n can be generated from W;,, M;, and X;,, say the linear independent columns of Xy, Wi, X;n, WZ?"Xm, M;, X;n and
anXm.
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consistency of the bootstrapped spatial J tests, there is a need to investigate the remainder term of the
spatial J test statistic after being approximated by a linear form of the disturbances. This can be done
by using the pseudo-true values. The alternative model may have different functional forms or variables
from those for the null model, thus the estimator for the alternative model generally would not converge
to the true parameter value of the null model. But we can often find a sequence of non-stochastic vec-
tors, i.e., pseudo-true values, such that the difference between the estimator and the pseudo-true value
converges to zero in probability. As the spatial 2SLS involves three steps, we have a pseudo-true value
in each step. In the first step, as ¥, = (Z],Pr,, Zm)_lZz(nPTmyn, the pseudo-true value ;.1 can be
Yina1 = (BZ.,Pr,, EZi,) ' EZ/, Pr, Ey,.5 As shown in Lemma 9, 23 — Jin1) = Op(1). Then in
step 2, the pseudo-true value f_m,l can be f_m,l =argming, n ' E ¢/, (&5 in,1) E g0 (&3 Fin1). In the last step,
the pseudo-true value iy, 1 i8 Yin,1 = [(Rin E Zin)' Pz,, Rin E Zin) Y (Rin E Zin)' P=,, Rin E yn, where R;, de-
notes Rin(pin,1) for short. Let 6% = 03y[75,1 B(Z5,) R}, Pa,, (In — Py, ) Pa, Rin E(Z2n)Y2n,1] "' and &, =
01_0260%”%”71 E(Z4,) Ry, Pa, (In — Py, )ern, with V;, = Pa_ Ry, E Zy,,. Then as shown in the proof of Proposi-
tion 3, J1n, = @, /04, +0p(1). Although Jy, is approximated by a linear form of the disturbances, the boot-
strap for Jq,, can be proved to be consistent using a LQ form.” Corresponding to the bootstrapped data vec-
tor g5, let 45, = (Zin Pro. Zi) ™ 23 Pro,yn with Ziy, = (Winys, Xin), &, = argming, g5 (€3 75,)95 (6697,
where g7, (€53 75,) = 17 e (065 9560 (033 Vi) — 1072 €60 (06395 ) My Min€l (pis 75) — 07 tr(M}, M),
€1 (P53 i) Min€, (pis 7)) with €6, (03 45) = Rin(03)[Sin (N )y — Xin B, and
At = [(Rin(p5,) Z5,) P, Rin(p5,) 25, " (Rin (5,) Z2,) P2, Rin(p5,)y:. Then the bootstrapped spatial J test
statistic is

Ty = 655 = QL0 Ron(51) Pan (In — Pur 51, P Rin (5502126 (23)

1

where g, = Z3,95,, 617 = 7 €5 (P13 Vin) €1 (Pini Yin) Vil (Pin) = Pa, Rin(p1,) Z1,, and

&, = [0 Rin(P1n) P, (In = Py (51,0 P, Bin(61,) 50" 0 Bin(P10) Pa, (In = Py 57,0 Ruin(p1n) Biy, (P1n)€in-

Proposition 3. Under Hy and the assumptions in Appendiz A.2, sup,cp |P*(J5, < x) — P(J1, < )| =
Op(].),

Consider now the alternative estimation method of the augmented model (20). Let 0y, = (54,,,53,) be
the QMLE of the model (19) with 6, 1 being the pseudo-true value under Hy. For the estimation of (20),
we can use both linear moments and quadratic moments for the GMM. Let Dy, ..., Dy, be n-dimensional

square matrices with zero traces for the quadratic moments and A,, be the instrumental matrix used in the

6For generality, we use the term pseudo-true value for both i = 1 and ¢ = 2. Note that Y1n,1 = Y10-
7An alternative is to use the Mallows metric as in regression models. See Freedman (1981).

8Here y = Sn *(A1n)[X1nB1n + anl (P1n )€}, ], where €], is an n-dimensional vector of random samples from the elements

of (In, — lnl}, /n)é1n, with €1, being the residual vector from the spatial 2SLS estimation of the model (18).
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2SLS estimation approach. The D;,’s can be constructed from Wy,, My,, Wa, and Ms,,. The moment
VECHOT i5 g (15 2n) = 1L (€ (1 Fa0) D (165 20 - -+ € (5 ) D (03 Han ) € (5 20) A ), where 1 =
(M1, p1, B, @) and €, (¥;52,) = Rin(p1)[S10(A)Yn — X101 — a(}.\gnwgnyn +X2n32n)]. The true parameter
vector of ¥ is 1 = (A0, P10, 810, 0)’- A general objective function of the GMM is g/, (¥; Y2n ) ana, gn (¥; Jon),
where {a,} is a sequence of full rank matrices that converges to a constant matrix ag. By the generalized
Cauchy-Schwarz inequality, the optimal weighting matrix is the variance-covariance (VC) matrix €2, of
n'2g, (10;v2). For the feasible optimal GMM, a first step consistent estimator t,, can be derived from
minimizing ¢, (¥; 52n)gn (¥; 52 ), then an estimator ¢, can be the minimizer of g/, (1; 520 )2 L gn (V; Han ),
where €, is the matrix obtained by replacing the 3y and other moment parameters of €1,; in Q, by,
respectively, 1, and the corresponding sample moments of the first-step residuals. Under some regularity
conditions, LZAJn is consistent for 1y and n'/ 2(1@1 — 1)) is asymptotically normal with limiting VC matrix
limy, 00 [E G?, (1005 72) Q2 P E G (Y03 72)] 71, where G, (5 772) = %w. Then we may let the spatial J test
statistic be

Jon = 02 /€ (Gr(ni 20 )0 G (s F2n)) " ey] 2, (24)
where ey, is a vector with length equal to that of ¢, whose last element is 1 and other elements are zero.
As shown in Section 2, J3, can be approximated by a LQ form as every element of ¢,,(10;72) is a linear or
9 let 63, be the QMLE of the model (19), the
moment, vector for the GMM estimation of (20) be g (v; %%,) = n = (e (3 44, ) Din€ (V; 55,)s - - - »
€5 (V3 73n) Danen (5 930, €3 (358,) ) with €,(1555,) = Ria(p1)[S1a Ay — X1 — a(A3, Wanyy, +
X2n65n)], 1/3;; and 1&7*1 be the first-step and second-step estimators in the feasible optimal GMM approach

quadratic form of €1,,. With the bootstrapped data vector y

*
n?

respectively, G% (1; v2) = %&W, and Q;‘L be the matrix obtained by replacing the estimators in €2, by the

corresponding ones with y. Then the bootstrapped Ja, is

T3 = 02300 /ey (G (03 95,) Q07 G (3 95,)) ~Hey] /2. (25)
Proposition 4. Under Hy and the assumptions in Appendiz A.3, sup,cg |P*(J3, < x) — P(J2n < 2)| =
Op(].),
4. Asymptotic Refinements

The Edgeworth expansion has been well established for a smooth function of sample averages of inde-
pendent random vectors and/or stationary dependent random vectors. It provides a useful tool to prove

that the bootstrap may provide asymptotic refinements. The LQ forms for spatial econometric models

9Here we may let y% = Sy (Ain)[X1nf1n + RL (P1n)el,], where 1, = (Ain, pin, B],,,52,) is the QMLE of the model
(18), and €7,, is an n-dimensional vector of random samples from the elements of (I, — lnl}, /n)é1n, wWith é1, being the residual

vector from the QML estimation of the model (18).
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involve spatial weights matrices and cannot be written as simple sample averages of disturbances or their
cross-products. If we would like to investigate possible asymptotic refinements of the bootstrap in spatial
econometric models using some expansions, we need to justify the validity for such expansions first. When
the disturbances in a LQ form are normally distributed, Edgeworth expansions can be established without
much difficulty. But when the disturbances are not normal, directly investigating possible expansions can be
hard.!® An alternative approach is to decompose a LQ form into the sum of martingale differences and then
study the expansions for martingales. Mykland (1993) establishes an asymptotic expansion for martingales,
but the expansions are not in a pointwise topology. Below we discuss the cases of normal and non-normal

disturbances separately.

4.1. Normal Disturbances

When the disturbances in a LQ form ¢, /0., = n~Y2(€, Apen, — 03 tr(Ay) + b€,) /o, are ii.d. normal,
we can easily derive its characteristic function. By a smoothing inequality in Feller (1970), the difference
between two functions has an upper bound generated from the Fourier transforms relating to these two
functions. The inequality is used to establish the Berry-Esseen bound for the error of the approximation of
the normal distribution to the true distribution for a sample mean of i.i.d. disturbances or the Edgeworth
expansion of the sample mean. It can also be used to establish the Edgeworth expansion of a LQ form. Let

f%®)(z) be the kth order derivative of a function f(z).

Theorem 2. Under Assumptions 2 and 3, when €, ~ N(0,021,),

sup [P (e, < ) = [B(2) + K, (1 = 22)80@)]| = O(n™), (26)
sup | P*(c; /o, < ) ~ [0(a) + 3,1~ %) ()] = Op (™), (27)

where Kk, = n’3/20;n3[408 tr(A3)/3 + odb, Apb,) = O(n='/2) with o = n"'205tr(A2) + o3b)by] and
Kk =n"3/207 3070 tr(A3) /3 + 014, Anby] = Op(n=1/2) with 022 = n= 207 tr(A2) + 0;2b),b,], and for

r > 3, there exist real polynomials Pn3(x),. .., Pu-(x) with bounded coefficients such that

sug’P(Cn/ocn <z)—®(z) — W (x) Zn_(i_Q)/ng(xﬂ = O(n~(""1/2), (28)
re i=3

Egs. (26) and (27) can be used to show that the bootstrap can provide asymptotic refinements for some

statistics that can be approximated by a LQ form. Eq. (28) presents a general high order expansion for

10Gotze et al. (2007) establishes a one term Edgeworth expansion for a quadratic form. Their proof is based on a sym-
metrization inequality and the differential inequality method. The quadratic matrix in Gotze et al. (2007) has some special
feature not shared by a spatial weights matrix. With a spatial weights matrix in the quadratic form, the expansion established
using similar methods may not generate a remainder term of a desirable order. In addition, the generalization to a LQ form is

not straightforward.
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the CDF of a LQ form. Note that x, has a relatively simple form. Instead of bootstrapping tests, we may
correct the bias distortion for test statistics that can be approximated by a LQ form.!! The above theorem
can be applied to show that the bootstrap for Moran’s I is more accurate than the first-order asymptotic

theory.

Proposition 5. Under Hy and Assumptions I1-1} in Appendiz A.1, the Moran I statistic in Eq. (5)
satisfies P* (I < z) — P(L, <z) =Op(n~!).

4.2. Non-normal Disturbances

For LQ forms with non-normal disturbances, a theorem on asymptotic expansions for martingales in
Mykland (1993) can be applied to establish an expansion, which the author calls the Edgeworth expansion
for martingales. The conditions needed are mainly imposed on the variation measures associated with
martingales, e.g., the optional kth-order variation, which is defined as the sum of the kth powers of the
martingale differences. One condition is the central limit theorem which relates to the optional second-order
variations. The ¢, /0., can be decomposed as the sum of martingale differences that are quadratic in the
disturbances. We need the existence of E|e,;|**?) for some § > 0 to show the asymptotic normality of
¢n/0e, , which is based a central limit theorem for martingales. For the central limit theorem relating to the
optional second-order variations, higher moments for ¢,,; are required to exist. Correspondingly, a stronger

condition on b,, is also assumed.
Assumption 1°. The €,;’s in €, = (€n1, .-, €nn) are i.i.d. (0,062) and E |e,;|20F9) < oo for some § > 0.

Assumption 2°. The sequence of symmetric matrices { A, } are bounded in both row and column sum norms
and the elements of the vectors {b,} satisfy sup, n=1 > 1" | |bn:[2 1+ < o0.
Theorem 3. Under Assumptions 1°, 2° and 3, we have
e e [y 2 1/2

[ n@dra@ = [ ha) a4 o P EIY) + 20,0 )] o), (20)
where F,(z) = P(cy /0., < ), Y is the normal random variable that ¢, /0., converges to, and expressions
for ¥o(Y) and ¢,(Y) are given in (C.17)=(C.20), uniformly on a set £ of functions h which are twice
differentiable, with h, hY and h® uniformly bounded, and with {h(z),h € {} being equicontinuous a.e.
Lebesgue. Denote the convergence in (29) by oa(n='/2) (Mykland, 1993), then

Fo(e) = ®(z) + %n_l/g (U5 (@) + 2057 (2) = [Wo() + 205 (2)]2) 2 (2) + 02(n1/2). (30)

I Robinson and Rossi (2010) have considered a finite sample correction of Moran’s T test for a pure SAR model. They have
not shown the validity of their expansion for the CDF of Moran’s I test statistic, which is in terms of the CDF for a chi-square

distribution.
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As pointed out by Mykland (1993), the expansion generally does not hold when h is an indicator function
of an interval, so it is a “smoothed” expansion. Note that ¢,(z) and 1, (x) are linear in z, then wé”(a:) +
2@/}1(,1) (z) = [Yo(x) + 20y (z)]x = (1 —2?)[ gl)(z) +21/J;£1)(SC)]. In the special case that €,;’s are i.i.d. normal, we
can verify that %n*lﬂ[wél)(x) + 21#1(71)(:6) — [Wo(x) + 2¢p(x)]x] = (1 — 22) limy,—s 00 Kp, thus (30) has similar

terms as the usual one-term Edgeworth expansion (26).

5. Conclusion

In this paper, we consider the use of the bootstrap in spatial econometric models. We show that the
bootstrap for estimators and test statistics in spatial econometric models can be studied based on LQ forms.
We have established the uniform convergence of the CDF for a LQ form to that of the standard normal
random variable. Based on this result, we show that the bootstrap is consistent for Moran’s I and spatial
J-type test statistics. As possible asymptotic refinements for the bootstrap are usually shown by using some
asymptotic expansions, we discuss expansions for LQ forms: for normal disturbances, we have established
the Edgeworth expansions for LQ forms and applied the result to show the second-order correctness of the
bootstrap for Moran’s I; for non-normal disturbances, we have established an asymptotic expansion based
on martingales.

There are some extensions which can be of interest for future research. Some asymptotic chi-square tests
in spatial econometrics, e.g., hypothesis tests with multiple constraints, are constructed from vectors of LQ
forms. The current uniform convergence result, which is only about a single LQ form, does not cover vectors
of LQ forms. It is of interest to establish the uniform convergence result for vectors of LQ forms so that the
bootstrap can be shown to be consistent for asymptotic chi-square tests. It also remains to show high order

expansions of a vector of LQ forms for asymptotic refinements of the bootstrap.

Appendix A. Assumptions

Appendiz A.1. Assumptions for Moran’s I

Assumption I1. The sequence of matrices {M,} have zero diagonals and are bounded in both row and

column sum norms.

Assumption I2. The sequence of full rank matrices {X,,} have uniformly bounded constant elements, and

lim,,— o %X,’IX" exists and is nonsingular.

Assumption I3. The sequence {n='[(1a —304) > i (H, M, Hy )% + 0§ tr(M2 4+ M), M,)]} is bounded away

from zero.

Assumption 4. The disturbance vector €, ~ N(0,031,).
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Assumption 14°. The €,;’s in €, = (€n1,...,€nn) are i.i.d. and E€5; < co.

1/2

The variance of n'/%¢/, H,, M,, H, ¢, is guaranteed to be bounded away from zero in Assumption I3, as

n~ttr[H, M, H,(M, + M})] = n=1tr(M?2 + M} M,) + o(1) by Lemma 1. When the disturbances are not
assumed to be normal, I/, generally involves the estimated fourth moment of €,;. To prove the consistency
of the bootstrapped I/, using Theorem 1, we need to know the rate of convergence of the estimated fourth

moment to the true one, thus a strong condition on €,; is imposed in Assumption 14’.

Appendiz A.2. Assumptions for the Spatial J Tests: Ji,

Assumption J1. The €y, ;’s are i.i.d. (0,0%)) and the moment E(e},, ;) exists.

Assumption J2. The matrices X1, and Xap, have full ranks and uniformly bounded constants. The limits

lim,, 00 %X{HXM and lim,, oo %XénXgn ezist and are nonsingular.
Assumption J3. Matrices Sy, and Ry, are nonsingular.

Assumption J4. The sequences of matrices {Win}, {My,}, {R5L} and {Sy,}} are bounded in both row

and column sum norms. The {Wi,} and {My,} have zero diagonals.

Assumption J5. Then 'Y, T, n 25, Z10, 0 05, (Win ST X1nBio, Xin) and n=*Z), Rin (W1, S,k X 10810, X1n)

converge to full rank matrices.

Assumption J6. The minimum eigenvalue of the matrix

n 207 tr(Min Ry, oto tr(Ry, M, M1 Ry,)
1
E tI‘(M{ann) 20%0 tr(M{nM%anrLl) J%O tr(Rll:LlM{?zM%nRInI)
0 oo tr[(Min + Mi, ) MRy, ofg te(RY, Mi, M7, Ry,

is bounded away from zero, |\1| < 1, |p1| <1 and 0 < 02 < ¢ for some ¢ > 0.

Assumption J7. Then='Y% Yo,, n 1=, o, n’lTén(Wgnanlenﬂlo,Xgn) and n’lE’angn(Wgnanlenﬁlo,Xgn)

converge to full rank matrices.

Assumption J8. Foranyn > 0, there exists k > 0 such that, when ||€2—Ean1|| > 1, n7HE ¢, (€2;F2n.1) E gn (€25 F2n1) —
E ¢! (£2n.15%2n.1) E gn(E2n.15Y2n.1)] > K for all large enough n. The &1 is in the interior of the compact

parameter space of &o.
Assumption J9. Then 'A!l A, and n’lA'ann(Wgnanlenﬂm, Xon)Y2n,1 converge to full rank matrices.

Assumptions J1-J6 are similar to those in Kelejian and Prucha (1998). Assumption J7 is for the es-
timators 2, and 4o, similar to Assumption J5 for %7, and 47,. Assumption J8 states the identification
uniqueness condition for &, 1. The condition for the estimation of the augmented model (20), Assump-
tion J9, is stated in terms of the pseudo-true value o, 1.
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Appendiz A.3. Assumptions for the Spatial J Tests: Jop,

Let Li,(01) be the log likelihood function of the model (18), Loy, (62) be the log likelihood function
of the model (19), and 6;,1 = argmax L;, (0;;010) with L;y,(6;;610) = E L;,(0;) under Hy, for i = 1,2.
Maximizing L;, (0;) and L;, (0;;6,) for given 3; and o2 yields functions L;,(¢;) and L;,(¢;; 01) respectively,
where ¢; = (Ai, pi)'

Assumption J10. The e1,,;’s are i.i.d. (0,0%) and the moment E(e}, ;) exists.

Assumption J11. The matrices X1, and Xo, have full ranks and uniformly bounded constants. The limits

lim,, e %X{nXln and lim,,_, oo %XénXgn exist and are mnonsingular.
Assumption J12. Matrices S1, and Ry, are nonsingular.

Assumption J13. The sequences of matrices {Win}, {Mi,}, {R;,M Y, 1S5}, {Wan} and {Ms,,} are bound-
ed in both row and column sum norms. The {W1i,}, {M1n}, {Wan} and {Mz,} have zero diagonals.

Assumption J14. Each sequence of matrices {Sy, (M)}, {R, (p1)}, {S5, (N2)} and {R5, (p2)} is bounded
in either row or column sum norm uniformly in the compact parameter space. The A1g, p1o, 5\2"71 and pan 1

are in the interiors of their parameter spaces.

Assumption J15. The limits lim,, o %X{n 1 (p1)Rin(p1) X1n and lim, o %Xén hn (p2) Ron(p2) Xon ex-
ist and are nonsingular for any p1 and ps in their respective parameter spaces. The smallest eigenvalues of
R}, (p1)Rin(p1) and RS, (p2)Ran(p2) are bounded away from zero uniformly on their respective parameter

spaces.

Assumption J16. For the identification of the model (18), either (i) lim,_,oc [In |03, Sy, R Ry St —
In]o?,, 4(61)St, AR, (p) R, (p1) ST, (M) ezists and is nonzero for any ¢y # ¢10, where %, 4(¢1) =
%o tr[Ry, 11,18, (M) R (1) Ran (91) S1 (M) ST B, or (i) iy oo 2(Q1aXanBr0, X10) (QinX1nBr0, X10)
exists and 1is nonsingular, and lim,,_, o %[ln |U%OSI_711R1_”1R/1;151;1 |—In |6%n7a()\10, pl)Sl_anl_nl(pl)R';ll (pl)S{,_Ll ]

exists and is monzero for any p1 # p1g, where Q1, = Wlnanl. For the model (19), for n > 0, there exists
k > 0 such that, when ||¢2 — J>2n71|\ >, nil(EQn(QZQn’l; 010) — Lan.1(¢2; 910)) > K for any large enough n.

27 M . 2L b M . .
Assumption J17. The limits lim,, o %% and lim,, oo %% exist and are monsin-
1 2

gular.
Assumption J18. The {53, ,} is bounded away from zero.

Assumption J19. FEither (i) lim, oo n 1A/ R, (p1)Ty, where T, = (W1n51_n1X1nﬁ1o,X1m ;\2n71W2nanlX1n610+

Xgnﬁgnyl), has full rank ky, + 2 for each possible p1 in its parameter space, and the moment equations
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tr[R'ljllR’ln(pl)Pilen(pl)anl] =0, fori=1,...,m, have the unique solution at p1o, or (ii) lim, o n " Al R1,(p1) X1n
has full rank ks, for each possible p1 in its parameter space, and the moment equations
tr[Ry, ST, (51, (A1) = adan 1 W3, ) Rl (1) Pin Rin (1) (S1n (A1) — adan, 1 Wan) St Ry = 0, fori=1,...,m,

have the unique solution at the true parameter values.

Assumptions J10-J18 are directly from Jin and Lee (2012) with a few modifications. A strong condition
is needed in Assumption J10 as explained in Appendix A.l for Assumption I4’. Assumption J16 strengthens
the original identification condition for #, so that we have the result on 63, in Lemma 17. Assumption J19
is the identification uniqueness condition of the GMM estimation for the augmented model (20), which

resembles a condition for the GMM estimation of high order SARAR models in Lee and Liu (2010).

Appendix B. Lemmas

Appendiz B.1. Elementary Lemmas

Lemmas 1-4 can be found in, e.g., Lin and Lee (2010).

Lemma 1. Suppose that n X n matrices {A,} are bounded in both row and column sum norms. Elements
of n x k matrices {X,,} are uniformly bounded and lim,,_ -, n~* X! X, exists and is nonsingular. Let H, =
I, — X (X! X,,)"*X!. Then {H,} are bounded in both row and column sum norms and tr(H,A,) =
tr(A4,) + O(1).

Lemma 2. Suppose that A,, = [ay, ;] and B,, = [by ;] are n X n matrices and €n;’s in €, = (€1, ..., €nn)
are i.i.d. with mean zero and variance oi. Then,

(1) E(en - €, Anen) = E(€2,)(an11y-- s annn), and

(2) E(e),Aney - €, Bnen) = [E(€h,) — 304] Doy aniibn i + 0§ tr(Ay,) tr(By,) + 0§ tr[A, (B, + BL)).

ni

Lemma 3. Suppose that n x n matrices {A,} are bounded in both row and column sum norms, elements of
the n x k matrices {Cy,} are uniformly bounded, and €,;’s in €, = (€n1,...,€nn) are independent (0,02,).
The sequences {02,} and {E(eX,)} are bounded. Then €, A, e, = Op(n), E(e, Anen) = O(n), n= e, Ape, —

E(e, Anen)] = op(1) and n'/2C! A,e,, = Op(1).

Lemma 4. Suppose that {A,} is a sequence of symmetric n X n matrices with row and column sum norms
bounded and by, = (b1, .. .,bnn)’ is an n-dimensional column vector such that sup, n='>""" | |b,;[*T™" < oo
for some n1 > 0. Furthermore, suppose that €,1,--- ,€nn are mutually independent with zero means and
the moments E(|en;|*T) for some n2 > 0 exist and are uniformly bounded for all n and i. Let aén be the
variance of Q. where Q = €, Apen + bl en — tr(A,%,) with ¥, being a diagonal matriz with E€2,’s on its

diagonal. Assume that n‘laén is bounded away from zero. Then % 4, N(0,1).
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Lemmas 5-8 are for the SARAR model (1), where €,;’s in €, = (€x1,...,€nn) are i.i.d. with mean zero,
variance o3, third moment p3 and finite fourth moment ju4, and ¢, = Rn(ﬁn)[Sn(;\n)yn — Xan} with 6,
being n'/2-consistent, i.e., n'/2(6, — 0y) = Op(1). The €, y and 67 are derived as described in Section 3.

Let || - || be the Euclidean norm of a vector.

Lemma 5. Let Py, = [pin, ij] be n x n matrices which are bounded in row sum norms, forl =1,... s. If

bupnjE|€’ﬂ]‘ < 00, then n™! Zz 1Hl 12 ‘plnzjenﬂ—OP( )-

Proof. For s = 1, the result is immediate. So consider s > 1. For s > 1, there exists a finite r such that

% + % = 1. Holder’s inequality implies that

1 1
Z\pmm||em|<z|pw [Pin.i| rZ [Din i3 lens )]
n

]_1
n S
1 l :
SC"'[Z |Pin,ijll€ng] ] Z Z|szj )enil®]=,
j=1 1=1

=1

where ¢ = sup;_; ... 5 ||Pinl|co- It follows that

n

S n
HZ [Pingijll€ns| < CE[Z Z |Pin,ij|)l€ns]®]-

I=1j=1 j=1 I1=1
Hence,
HZ Pin,ijlleni]) < c* ZZ |Pn.ij] supE len|® < scttr supE l€ni|® = sc®supE |e,;]° = O(1).
1=1j=1 =1 j=1 2
The result of stochastic boundedness follows from Markov’s inequality. O
Lemma 6. For any integer v, if Ele,|” < oo, E*eii = Eel; + op(1), n™ !> 1 ér. = Ee’, + op(1),

Bl = Bl () and ™t Syl = B or (1), B < oo, n 48" ;B = 001
and nl/Q[ -t Ez 1 m E6 ] OP(l)'

Proof. Let J, = I, — %an;. As yn, = S; 1 X 00 + Ry Len),

€, = Jnén
e N _

+ (JanXn + (,00 - ﬁn)JnMan)(ﬂO - Bﬂ)
+ (Ao = Aa) (Ja R + (00 = o) Jn M) Wi S R e+ (p0 = pn) Ju M Ry e
Write € = €, + Z;Zl Cin,jPnj + Z§:1 Can,j@nj€n, where pn; = [pnji] is an n-dimensional vector with

bounded constant elements, Qn; = [gnj.u) is an n x n matrix with bounded row and column sum norms,
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and (in,; and (2p ;’s are equal to Ien/n, Ao — 5\,“ Po — Pn, elements of By — Bn or their products. Then

Cing = Op(n~'/?) and Conyj = Op(n~='2). The €% can be expanded by the multinomial theorem, which

states that (z1+- - +2m)" =3 o (") )it .. akm | where (5,.." . ) is a multinomial coefficient and
the summation is taken over all sequences of nonnegative integer indices k1 through k,, such that their sum

is r. Then we have an expansion form for n=' Y7 €7 —n=1 3" | €. where each term in the expansion has

i=1 €ni
the product form 74,75, with 7%, being products of (1,,; and (a5 ;’s and Ty, not involving (i, ; and (ap;’s.
The Ty, is either bounded or stochastically bounded by Lemma 5. It follows that E* €7 = Eel, + op(1)
by the law of large numbers and n'/2[E* €7 — E¢7.,] = Op(1) by Chebyshev’s inequality. Other results are

7

similarly derived. U

Lemma 7. Let P, = [pln’ij} be n x n matrices with bounded Tow sum norms for I = 1,...,s, then

P*(n_l ZZL:I HZ:I Z?:l |pkn,ij€:;j| > 77) = OP(l) f07” n>0, ZfE |6ni|s < 0.
Proof. The proof is similar to that for Lemma 5 except for the application of Lemma 6. O

Lemma 8. For > 0 and an integer v, P*(In"1 31" &7 — E* €| > n) = op(1) if E|en|” < 0o and

i=1"ni

P*(||0x — 0,|| > k) = op(1) for k > 0, and P*(nln=2 S0, &7 —E* €| > 1) = op(1) for 0 < a < 1/2 if

i=1"ni

E |ens|? < 00 and P*(n?||07 — 6,]| > k) = op(1) for k> 0.

Proof. As y* = S (A)(XnfBn + Ry (pn)er),

n

& = (Ra(pn) + (pn = £7)Ma) (Su(\n)yi = XuBn + (A = A)Way + Xo(Ba = 57))
= €5+ O = A (R (pn) + (P — 5) M) WS (An) X B
+ (Ra(p) X + (b = §3) M X0) (B = B7,)
+ (Ao = A2) (B (Bn) + (o = 07) M) WS (An) B ()€, + (b — ) MRy (o),
Write €& = e + Z;:l Cin,jPnj + Zj’:l Con,jQnj€r, Where pn; = [pn;;i] is an n-dimensional vector with
bounded constant elements, Q,; = [qnj7il] is an n X n matrix with bounded row and column sum norms, and
Cin,j and (ap ;'s are equal to An — ;\:” Pn — Py, elements of B — B; or their products. Now the argument is

similar to that for Lemma 6 except for the application of Lemma 7. O

Appendiz B.2. Lemmas for the Spatial J Tests: Jiy,

Lemma 9. n'/2(%1,, — y10) = Op(1) and n'/?(¥a,, — Fan1) = Op(1).

Proof. Noting that 4;, = [%Z{n’rm(%'f;n'rm)*l%T;an]*l%Zgn'fm(%'rgn'fm)*l%T;nyn, where n =Y/ Z;, =
n~IY B Zi, +op(1) = Op(1) and n= /27!, (y, — Ey,) = Op(1) for i = 1,2, the result follows. O

Lemma 10. n'/2(¢y, — &) = Op(1) and n'/2(Eay, — €an1) = Op(1).
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Proof. It has been shown in Kelejian and Prucha (1998) that éln — &0 = op(1). By the mean value

theorem,
agil(éhﬁ ’3’171) o . ag; (éln; '7177,) . agn(ghﬁ ’3’171) 2
0= Tgn(fln?)’ln) = T(gn(&o;’hn) + T(fln - 510))7
where §~1n is between éln and &19. Then n1/2(éln_€1o) __ (891,,(%15;%”) agn(glgl;%n) ) -1 ag;(gg%n)nl/zgn(flo; A1n).

Noting that g,(£1;71) is linear in 0? and quadratic in p; and 71, we can write p1, = (f1n — p10) + P10

and 1, = (F1n — Y10) + Y10, and expand relevant terms in %ﬁmn). Then it is easy to see that
69"(%&9“’*1”) - agn(gzm(’) + op(1). In addition, ag"(ggwm) =E ag"(ggm‘)) + op(1) by Chebyshev’s inequal-

ity. Thus, ag"(gﬁm") =E 89"%2;710) +o0p(1) = Op(1). Furthermore, n/2g,, (£10;51n) = 129 (&10;710) +
76%(5;?710)711/2(%” —710) + 3 (%10 — 710)/78295,%51;?10)ﬂ1/2(%n —710) = Op(1), as n'/2g, (10 710) = Op(1)
by Chebyshev’s inequality and n'/2(31, — v10) = Op(1). Thus, n!/2(£1, — &10) = Op(1).

As gon(€2;72) is quadratic in o, it is easy to see that g2, (€2;%2n) — E g2n(§2; Y2n,1) = op(1) uniformly
in the parameter space of &2, by showing that gan(£2;92n) — 92n(€2;Y2n.1) = op(1) and gan(§2;92n.1) —
E 921 (€2;92n,1) = op(1) uniformly in the parameter space of &;. In addition, E ¢5,,(€2;92n.1) E 92n.(§2; F2n.1)
is uniformly equicontinuous. Then the identification uniqueness assumption implies that é2n —&on = op(1).
With this result, it can be proved that n'/2(€y, — €2,.1) = Op(1) in a way similar to the proof for the result
on éln. O

Lemma 11. n'/2(31, — v10) = Op(1) and n*/? (32, — Jan.1) = Op(1).

Proof. Write ¥;,, = [%Zz/nR;n(ﬁm)Em(%E;nEM)_l%E;an(ﬁm)Zm]_l%Zz/nR;n([’m)Em(%E;nazn)_l%E;an(ﬁm)yn
Since n " Z} Rin(pin) Zin = n ' Z RinZin+top(1) = n 2} Ry E Zin+op(1) = Op(1) and n=Y2Z, (Rin (pin)Yn—

RinEy,) = n_1/2E§an(yn —Ey,) —&—n_lEmMinynnlm(ﬁmJ —pin) = Op(1) for i = 1,2, the result follows.
|

Lemma 12. Fori=1,2, 7> 0 and 0 < a < 3, P*(n®(|35, — Yinl| > n) = 0p(1).

Proof. Since 3, = [1 Z5 Con (20, Vin) T 2 Z5 171 2 20 X (200, i)~ LYY 4, where P*(|[n 1Y, (22, —

B 22|l > n) = op(1) and P*(||n®~ 2T}, (5 — B y2)|| > n) = 0p(1) by Chebyshev’s inequality and Lem-

ma 6, the result follows. O
Lemma 13. Fori=1,2 andn >0, P*(||&X, — &nll > n) = op(1).

Proof. Note that ¢, (pi; %) = Rin(p:)[Sin(X5)yn = XinBi] = €5 (pi5Yin) + Rin(01)[(Nin = X5, )Ways, +
Xin(Bin = B5,)]; then P*(supg, ¢,
the parameter space of &, as R, (p;) is linear in p;. Since €i,(ps; Fin1) = Rin(pi)[Sin(Nin1)yn — XinBin,1]
E* g5 (&i5%in) — Egn(&i;Yin1)ll = op(1) by

195 (&35 35112 = [195 (853 9in)IP[ > 0) = 0p(1) for n > 0, where w; denotes

and €}, (05 ¥in) = Rin(0:)[Sin(Nin)ys — XinBin], SUD, e,
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the mean value theorem. As a result, supg,c..|/|E" g5 (&;9m)l* — | E gn (&5 %in,)[1?| = op(1), since
SUDg, eco, || B gn (&35 Yin, 1)l = Op(1).
If [|& = &nll > m, |I& — &,

7 > 0, there exists a k > 0, such that ||&; —ém|| > 7 implies that || E* g% (& 5in)||> — || E* g;(f_m’l;’ym)Hz > K

— Einll = |éin — Eina|| > 1/2 with probability 1 — o(1). Then given

with probability 1 — o(1). Then for n; > 0,

P (P* (1€}, — &inll > 1) > m)

< P(P"(||E"g,(¢ Ers 31 = 1B g (Eim1; Yin)|I* = 5) > m) +o(1)

< PP (1B g5 (& Fin) |2 = 1105 (€ TP + 105 i )1 = 1B g3 Eim 15 Fim) |12 = 1) > 1) + 0(1)
< P(P*(H B g (€5 A1 = 1195 (i Finm) 1P + 1193 Eim 13 T )11 = 1B G5 Eim 15 Fon) 12 > #) > m1) + 0(1)
< P(P(| B g (& Fin) |2 = 1105 (€ Fon) P + 1055 (Eim15 Fim) 12 = 1 B g5 (€1 Fan)|[* > ) > m) + (1)
< P(P*( sup 2(]llgn (6 Fon)* = 187 g5 (&t Fin)l°] 2 ) > m)) + o(1).

§i€w;

The g% (&:; ¥in ) is @ 3x 1 vector with each element being of the form 9nj (&5 %in) =n~1 [ef;(pi; Fin) Dne€t, (pi; Fin)—

o?tr(D,,)], where D,, is an nxn matrix. By Chebyshev’s inequality, P (P
k) >m) = P(k "> E"(Supg, e, |95 (&is Yin) — E™ g5 (& %in))? > m) =

P(P” (supg,coo, (|1197: (&5 9in) — B 95639 )l1?] = &) > m) = o(1) and P(P* (supg, e, 2(/lg5 (&3 Fin)|I* —
1B g5.(&i3 %in)[12] = 5) > m)) = o(1). Thus P(P*(||€5, = &nll > n) > m) = o(1). 0

Sup£L€wL gnj (5277171) E* g%(fzy%n” Z

“(
o(1) by Lemma 6. Then

Lemma 14. Fori=1,2, 7> 0 and 0 < a < 3, P*(n®(|35, — Ainl| > n) = 0p(1).

Proof. Since ﬁ/zn = [Z/ R/ (pzn)P:‘mRzn(pAzn)Zzn} IZI R/ (ﬁzn)lenRzn(ﬁzn)yn and

Ak = [ZjnR;n(,éjn)P:m Rin(p5) 25 lZz*nR;n(pAl*n)P:m Rin(pf,)yx, we only need to show that

P* (0" [Zin Rin(03,) Z s — EinRin(pin) Zin|| > n) = op(1) and P*(n®~1|[Zin Rin (65,)Y5, — EinRin (pin)Yin| >

n) = op(1). Write n 1=, Rin(p5,) 25, —Zin Rin(Pin) Zin] = 0 1ZinRin (Pin)(Z}, — Zin) A1 2 Min Z7, (Pin—
pin)], where Ziy, = [Win Sy} (X1nB10+ Ryl €10), Xin] and Z55, = [Win Sy, (Min) (X1nBin + By, (P1n)edn), Xin-

Since n " Ein Rin (Din) Win Sty Rip €1n = 17 Ein Riny Win ST, Ry €101 00 My Wi S1,) R €10 (Pin—Pin,1) =
op(1), P*(||n*IEmRm(ﬁm)Wmenl(S\m)Rl_nl(ﬁm)eTn\| > n) = op(1) by first using Chebyshev’s inequality

and then using the mean value theorem, and P*(Hn’lEmRm(ﬁm) m[Sln (A m)XlnBln — 1X1nﬂ10]|| >
n) = op(1) by the mean value theorem, we have P*(||[n™*Z;, Rin (pin)(Z},, — Zin)|| > 1) = op(1). Similarly,
P (I Ein Min (Z2, — Zin)l| > 1) = 0p(1), and P* (12| Zin Rin (5050 — SinBin(Pin)inll > 1) = 0p(1)
by a similar argument with adjustments of orders. Thus the result in the lemma holds. O

Appendiz B.3. Lemmas for the Spatial J Tests: Joy,
Lemma 15. n'/2(fy,, — 619) = Op(1) and n*/?(62, — O2n.1) = Op(1).

Proof. See Jin and Lee (2012). O
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L ||22Lan(02n) _ 82Lan(f2n1:010) || _ Do, i ) ),
Lemma 16. ﬁ‘ Dos00, " 50200 H = Op(1), where 03, is between Oa,, and O, 1.

_ . .
Proof. We prove the result by showing that (i) n=1/2| azgg,:gg?”) -2 L;é;(;;f“) | = Op(1) and (ii) n=/2|| 9 LonB3n) %202(5)92/'”’1) -
2 2 2

) _
E “82:9”27(;92,’“) H = Op(1). To prove (i), apply the mean value theorem to each term in the second order deriva-
2
2 0 2 o
tive. Specifically, we investigate n*1/2| O Lan(02n) | 97 Lan(02ni) | - Regults for other terms can be derived

X2 o2
similarly. The Lo, (62) is equal to

1
Lo, (62) = *g In(2703)+1n Sz, (A2)|+1n |R2n(,02)|*@[Szn()\z)yn*inﬁz]/Rlzn(Pz)Rzn(pz)[Szn(Az)yn*inﬂz]-
2

By the mean value theorem,

1 ,0%Lon(02,)  02Lon(02n.1) 2 N )
I — 2 =B n 5 B n n — P2n B ny
\/ﬁ( 022 922 ) 1n + T 2 V1 D2 pan) + B3

where By, = —2n~1! tr[(Wgnsgnl().\gn))S}nl/z(j\gn — S\Qn), Boy = n~ Yy W M} Ropn(p2n)Wony, and Bs, =
(2n64,) Yyl W4, R, (p2n) Ron (pan) Wanynn'/?(63, — 3, with 0y, being between 6y, and s, 1. By the uni-
form boundedness of S;nl (A2) in the parameter space, By, = Op(1). Note that By, = Bay 1+ Bap,2(f2n,1 —
pan), where Ba, 1 = n= 1ty Wl M} Ro,Wony, = Op(1) and Ba, 2 = n= Yy, Wi M} Ms,Wany, = Op(1),
then 265,2 Bo,n'/?(pay — pon) = Op(1). Similarly, Bz, = Op(1). Hence (i) holds. (ii) follows from Cheby-
chev’s inequality. 0

Lemma 17. Forn >0, P*(||63, — 6a,|| > 1) = 0p(1).
Proof. Let Lon(¢;610) = maxg, ,2 Lon(02;610) and Loy (¢2;61na) = maxg, 52 E* L3, (62), where 15, =
(M fin, Bl E* €52 ,)', then
Lou(62:010) = —5[In(2m) +1] = 5 1073, (62) +In[San (M) +1n | Ran(p2)],

Lon(¢2;01n,0) = —g[ln(Qw) +1] = glnagi(%) +1n|S2, (A2)] + In|Rap (p2)],

where
73,(62) = % tr (R8T 84, (00 Rl (02) Ran (02) S (M) S i)
2 (X0 B10)' 81,155 (02 R (92) i (92) R (02)S3n 02) 1, X1 o
Ton(d2) = %(E* €ini) (R (B1n) St (1n) S5 (A2) Ry (p2) R2n (p2) S2n (A2) Sty (M) Riy (1))
+ %(Xlnﬁln)lsiﬁl(Xln)Sén(Az)Rlzn(Pz)Hzn(Pz)Rzn(Pz)Szn(Az)anl(Xln)Xlnglm

with 3, (¢2) being bounded away from zero uniformly in the parameter space ¢o and Ha,(p2) = I, —
Ron(p2) Xon[ X5, R, (p2) Ron(p2) Xon) "1 X4, RY, (p2) being bounded in both row and column sum norms u-
niformly in py (see the proof of Proposition 3 in Jin and Lee (2012)). By the mean value theorem,

1332 (¢2) — 35,(¢2)
2 5%71

1

n

[I/2n(¢2; éln,a) - f/2n(¢2; 010)] -

23
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where 63, is between 73, (¢2) and 732 (¢2), and

Ton(B2) — 53, (2)
%(E* ein i — o) tr (R (1n) S50 (P1n) St (A2) Ry, (p2) Ron (p2) San (A2) St (An) Ri,t (P1n)
+ - (X1n51n) "SI (A1n) b, (A2) R, (p2) Hon(p2) Ran (p2) Son(A2) STt (An) X1 (Bin — Bio)

20n _ 1. 1,3 1. 1. .
+ nl tI'(R/ (pln)sinl(pln)Sén()‘2)R/2n(p2)R2n(p2)SQ’ﬂ()‘2)Slnl(Aln)Rlnl(plﬂ)Mlannl(pln))(pln_pIO)

20 . -~ . _ . _ . .
+ 201 tl“(R’ 2 (P1n) ST (P1n) S50 (A2) Ry, (02) Ran (p2) Son (A2) St (A1) Win S1, (A1) R (1n)) (Atn — Ato)

+ (Xlnﬁln)/sﬁl(5\1n)Sén(>\2)R/Qn(m)H2n(p2)Rzn(ﬂz)szn(&)sln M) WinST i) X181 (Ain — o),

3\1\3

with 41, = (}\m,pln,ﬁ'm,d%n)’ being between 67y and é1n,a~ By Lemma 6, sup,,c.,, |532 (¢2) — 73, (d2)| =

op(1). Then supy, ¢, |0~ Loy (62; O1n.a) — Lan(da;610)]] = op(1).
If |2 — donl| > 1, |lp2 — d2nall = |2 — banl| — ||d2n — Pana|| > n/2 with probability 1 — o(1). Note

that

1

E (EQn(Qany éln,a) - EQn(¢2; éln,a)) - (LQn(¢27 aln a) EQn (¢27 010))

1. .. . 1
ﬁ (LQn(¢2n7 eln,a) - L2n(¢2n; 910)) E
+ %(EQn(QEQn,l; 010) — Lon(¢2;610)) — %(LQn(d)Qn 13010) — Lan(d2n; 010)),

given 1 > 0, there exists a k > 0, such that ||¢27<i5'2n\| > 7 implies that n~! (Egn ((52”; élnya)*ign(gf)g; 91na)) >

k with probability 1 — o(1). Then for 7, > 0,

P(P*(||65, — P2ull > 1) > m)
S P(P ( 71(E2n((£2n; éln,a) - EQn(d);na éln,a)) Z K:) > 771) + 0(1)
< P(P*(n~" (Lan(920: 01na) — Lo (D20) + L3,(65,) = Lan(930:61n.0)) = 5) > m) +0(1)
< P(P <2n ¢Sllp }L;n((bQ) - EQn(¢2;éln,a)| > H) > 771) + 0(1)7
2€p2
where
1 * 7 0 _ 0271((;52) - JZn(¢2)
ﬁ(LQn(QbQ) - L2n(¢27 aln,a)) - 20_*2 ((ZSQ) )

with 632 (¢2) being between 532 (¢2) and 532 (¢2), and

U;TQL(¢2) - 6;721(¢2) nelnR/ 1(pln)Si;1(Xln)Sén(AQ)R/Qn(pQ)HQn(pQ)RQn(pQ)SQn(/\?)Sl_nl ()‘l’rL)Rl_; (lb'ln)glkn

E* >{727,2 J—1 [ o 1—1/\ / / —1/\ —1/-
-t tr[ Ry, (P1n) ST, (A1n) S5, (X2) Ry, (p2) R2n(p2) San(A2) Sty (A1n) Ry (P1n)]

+ E(Xlnﬁln)lsiﬁl(hn)sén(Az)Rlzn(Pz)Hzn(Pz)Rzn(Pz)Szn(Az)anl()\m)anl (P1n)€ln-

The 532 (¢2) =32 (¢2) is equal to a LQ form plus n~ ' (E* €2 ;) tr(Ry,, L B1n) S0 Nin) S (M2) Ry, (p2) [Han (p2) —
In}Rgn(pg)Szn()\g)Sl_nl(Xln)anl (pln)) Since Ran(p2) is linear in po, So,(A2) is linear in Ay and Hay,(p2) is
24



bounded in both row and column sum norms uniformly in the parameter space of ps, Chebyshev’s inequality
implies that n P*(supy, e, 552 (¢2) — 532 (¢p2)| > ) for 1) > 0 is bounded by a term depending only on 6,
E 6*2

1n,i»

Ee;? ; and Ee} ;, which has the order Op(1) by Lemma 6. Then P*(supy,c,, [63a(¢2) — 752 (d2)] >
n) = op(1). It has been shown that supy, ¢, |55 (¢2) — 73, (¢2)| = op(1) with 63,(¢2) being bounded away
from zero uniformly in ¢o, then P*(||¢3, — dan|| > 1) = op(1). Now the mean value theorem and the formu-

las of 33, and 532 as functions of ¢4, can be used to show that we also have P*(||35, — Banl| > 1) = op(1)

and P*(||63% — 63,]| > n) = op(1). O
27 o* 0 * 2 ~ .
Lemma 18. Forn > 0, P*(n™}|| 2 g;;a(gz") E* 2 5922’;9(3/2") | > n) = op(1), where 63, is between 63, and
O
Proof. The result is proved by showing that (i) P*(n!|| aQﬁng”gg,;") - 8250*263/2" | > n) = op(1) and (i)
. 2
P*(n~!| & dLg;‘ag?") _z Eg(i%égez") | > n) = op(1). Asin the proof of Lemma 16, use the mean value theorem
2 1 o* 0 2 1 o* Y
for each term in the second order derivative to prove (i). Here we only investigate n~ | 9 Lg’:\(f?") -2 Lg’:\(f?") .
2 2
Results for other terms are similarly derived. By the mean value theorem,
1 L5,(05,)  0*L5,(0an) 2
- n n _ n — B* 73* ~% _ " Br* ,
_ . 3 ~ .
where B* = —271_1 tr((WQNSin()én)) )(/\Sn - )‘271)’ Bgn =n yn W2nM2nR2n(p2n)W2nyn and B3n -

(o3t ) Yy Wh R, (95) Ran (05, ) Wanylt (652 — 62,) with 63, being between 63, and fy,. By Lemma 17
and the uniform boundedness of S,,'(X2), P(P*(|Bf,| > m) > m2) = O(n™') for ;; > 0 and 75 > 0.
Let B, | = n~tys Wi, M}, Ron(fp2n)Wanys and B3, o = n=lyl Wi, Mj, Mo, Wonys. Then P*(|Bj, , —
E* B3, 1| > 1) = op(1) and p* (1B3,.2 — E* B3, 5| > n) = op(1). Since B;, = B3, 1 + B3, o(P2n — p3,),
P* (|26, B3, (P, — P2n)| > n) = op(1). Similarly, P*(|B3,| > n) = op(1). Therefore, P*( |M

ISR

%/\(;Z”H >n) = op(1). (i) is proved by using Chebyshev’s inequality and Lemma 6. O
—1||* 92L3, (F20) 9% Lon(O2n.1) || _

Lemma 19. n HE 6022892 -E 8202692 L H =op(1).

Proof. The lemma is proved by using the mean value theorem and Lemma 6. O

Lemma 20. Forn >0 and 0 <a < 3, P*(n®||65, — f2,|| > 1) = op(1).

Proof. By the mean value theorem,

i 102L5, (05,)\ L ., OL%, (6a,)
a(gx _Gn —(_= 2n\"2n a—1 2n n B.2
(02 = O2n) (naeza%)” 90, (B2)
where é;n is between 0§n and 0y,,. Then
*/ a||p% 1 82[’;7 92 ) * 8 L27 (9277)
p (n ||92n 92"” > 77 (Hn 69;89/” 7E WH > 7])
. 10%L3,(65,) L3, (02,)

P* a 9* 0 " - n/; - E* n .

P65, = Oan >”’” 90,00, n" oos00, ="
Using (B.2), the result follows from Lemmas 6, 18-19 and Chebyshev’s inequality. O
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Lemma 21. n'/2(¢, —) 4, N(0,%) and nl/Q(dA}nfwo) 4, N(0,limy, o0 [E G", (105 72) Q2 P E G (Y03 72)] 1),
where ¥ = lim,, . [E GJ, (V05 72) E G (V05 72)] L E G (¥0;72) Q0 E G (Y0;72) [E G, (Y0;72) E G (v0;72)] -

Proof. Asy, = S5, (Xinf10+ Ry €1n)s B gn(¥;32n1) = 1~ YT, () D1pLin (¥0) 403 tr[Th,, (¥) D1 Lan (¥)],

ooy T (@) Dy L1 () 03 01T, (V) Dy D20 ($)], Ty (¥) Ay ) with Ti (80) = Rin(p1)[Win St X1nB10(Ao—

M)+ X1 (B1-B10)— (N2 1 Wan S, X1n Bro+Xon fan. 1) (a—ag)] and Tap, () = Rin(p1)[S1n (M) —adan 1 Wa, | S5, R,E
Since €, (1);v2) is linear in 1, it is straightforward to verify that ||gn(¢;¥2n) — E gn(4; J2n.1)|| converges to

zero uniformly in the parameter space of 1 by the mean value theorem. The E g, (1);¥25,1) has a similar

form to that of E g, (A1, p1,081,0;72), i.e., the expected value of the moment conditions for the SARAR
model (18), then Assumption J19 ensures that E g, (¢;J2n,1) = 0 has a unique solution at v, according

to Lee and Liu (2010). As E g, (1;72n,1) is quadratic in ¢, it is equicontinuous in . It follows from the
uniform convergence and identification uniqueness condition that ¢, — 1o = op(1) (White, 1994). For the

distribution of v, applying the the mean value theorem to the first order condition yields
Gy (U A2 ) g (Uns Han) = 0 = G1 (Vi F2n) [9n (V0; F2n) + G ($n: Fon) (e — o)),
where 1/~)n is between vy and 1),,. Then
Vi = o) = =[G, (Vn; F2n) G (Vi H20)] ™ G (Wi Fan) Vgn (Y03 Fan)-

As thy = 1o = Op(n~"/?), by writing v, in Gy (n:%2n) as (Pn — 10) + o and expanding G (s Fan), we
have G (Vn;F2n) = Gn(¥0; J2n) + Op(n~1/2), where Gy (to; §2n) = Gn(v0;72) = EGn(to;72) + 0p(1) by
Chebyshev’s inequality. Noting that elements of \/ng,(¢o;42n) are either linear or quadratic in €y, the
distribution of ,, follows from Lemma 4.

By Lemmas 2 and 6, 2, — Q,, = Op(n~'/?). Following the argument for Proposition 1 in Lee (2007), we
have @n — 19 = op(1). The distribution of @n again follows from the expansion of the first order condition.

(]
Lemma 22. Forn >0 and 0 < a < 1/2, P*(n®||¢% —n|| > n) = 0p(1) and P*(n®|[¢x —b,|| > 1) = op(1).
Proof. By an argument similar to that for Lemma 13, we have P*(||¢ — tb,|| > 1) = op(1) and P*(||¢* —
Un|l > 1) = 0p(1). Then by an argument similar to that for Lemma 20, we have P*(n®|| — i, || > 1) =
op(1) and P*(n®[|ihy; = dhal| > 1) = op(1). O
Appendix C. Proofs
Proof of Theorem 1. As in Kelejian and Prucha (2001), write ¢, as ¢, = Z?zl Cni With

i1

Cni = n,1/2 (anyii(eii — 0'(2)) —+ 267”; Z anﬂ'j(fnj + bnzenz) .
j=1
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Obviously, E |¢i| < oo. Consider the o-fields %0 = {@,Q}, Fri = o(€n1y- - s €ni), 1 <@ < n, where Q is the
sample space. Then {¢n;, Fni, 1 < i < n,n > 1} forms a martingale difference array and o2 = >"7" | E(c2;),

where
E(Ciz) = n_l (a’i,ii (/’[’ + 40-0 Z ai,lj + bgn‘fo + 2M3an ubnz>
j=1
By a theorem in Heyde and Brown (1970), if there is a constant § with 0 < § < 1 such that
E |cni*T% < oo, (C.1)

then there exists a finite constant K depending only on §, such that!'?

n n 146 1/(3424)
sup | P(c, < 0., 7) — ®(x)] < K{O‘c_nz_% (ZE leni| 720 + E‘ (Z E(Cii|yn,i71)> —o? ) } .
* i=1 i=1
(C.2)
Thus if
2-26 2425 _
nhﬁngoo X;E |eni] =0, (C.3)
n 144
Jim B (ac—f z;E(ciiﬁn7i1)) - 1’ —0, (C.4)
i—

P(c, < 0., x) converges uniformly to ®(z) and a bound on the rate of convergence is given by (C.2). Now
we check that (C.1), (C.3) and (C.4) hold. Let ¢ =2+2¢ for 0 < ¢ <1 and 1/p+1/q = 1. By the triangle
and Holder’s inequalities,

i—1

q
ZE lenal® < n~/? EZ(la" “|1/p‘an7n|1/q|6m a5l + Z |an, z]ll/p2|an 1]|1/q|67”||€7lj| + |bnl|‘€n1|)
i=1 i=1 Jj=1
n i i—1
<n B3 (Y lanisl 1) (Janllhs — o1+ 3 2l ilenilensl? + onillensl?)
i=1 j=1 j=1

n(2_q)/2(Ka + l)q/p (K“ Elen; — 05| + 27K (E [eni|?)* + Ky E |E”i|q)'
(C.5)

Thus (C.1) holds. As o2 = > 7" E (C.5) implies that o2 is bounded. Then Eq. (C.3) holds by

’I’Ll’

Assumption 3.

E’ (o—;f iE(ciiLﬁn’i,l)) - 1‘
=1

n 1+6
0;n2(1+5) E’Z(E(Cingnzfl) - Eciz) ’
i=1

1+06

12Note that the result in Heyde and Brown (1970) is on a fixed square integrable martingale difference sequence with

0 < 6 <1, but the result also applies to a triangular array of martingale differences with § > 1 (Haeusler, 1988).
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n s
< 0;2(1+6) (E‘Z(E(C?Mﬁ’m,l) — chn) 2>(1+ "

i—1j—

n i—1 n 1 1
146, —1-6 _—2(1+4 2 2 2
— g+, Ucn( + )<E(O'0 E E an,ij(e Uo +2ao E E OnijOn,ik€nj€nk

i=1j=1 i=1 j=1k=1

n -1 o\ (1+6)/2
+ Z Z(Msan,z‘i + Ugbm)an,ijﬁnj> )

i=1 j=1

n—1 n n—1 1

2
_ g1, 2(149) (03(#4 e Z( Y a2 w) + 403 ( Z (U ijn, zk)

Jj—
j=1 i=j+1 Jj=1k=1 i=j+1
n n )(1+5)/2

n—1
+ (o)5) Z( Z H30Qn, 5 + Uobnl)an z]) + 2#303 Z( Z ai,ij) ( Z (ﬂganvii + U(Q)bni)an,ij)

Jj=1 i=j+1 j=1 i=j+1 i=j+1
n—1j—-1 n

< 41-‘,—5”—1—50;2(1-&-5) (no’éKﬁ(/M — 03) + 4(7(8)K2 Z Z Z |an,ij|\an’ik\
j=1 k=1i=j+1

n—1 n n

Ngan iian 27 0005;10n ,17 an,iian,ij an,ij
ZZI |+ agbpilan) Y |+ lan,i;|)

i=j+1

n—1 n

(1+6)/2

+2usloB K2 D" D ((sanii + ofbai)anis )
j=1i=j+1

<A 0o B (oG K (pa — o) + 0§ K + 0 K2 (MK + 03 K) (Ko + 1)
o+ 2| OB K2 sl K + 08 1)) 2, (C.6)
Thus Eq. (C.4) holds. Using (C.2), (C.5) and (C.6), we have
sup | P(e, < o¢, ) — ®(2)]
P
< KUC—"2(1+5)/(3+25)n—5/(3+25)((Ka 1) (K, B2, — 02220 4+ 220K (B ey |7 20)2 4 Ky B |en[2729)
+ A (03K i (g — 05) + 40§ Kt + 05 K2 (u3Ka + 00 Kp) (Ko + 1)

146)/2\ 1/(3+26)
+ 2l o3 K (s | Ko + 03 06)) )

= Tn,

i.e., (6) holds. Similarly, (7) holds. Since

P(cn/ocn +d, < m) —®(x) < Plep/oe, +dn <z,ldn| < 10) — (x) + P(|dpn| > m0)
<[Plen/oe, <x+70) — (z+ 1) + [®(x + 700) — ()] + P(|dn| > T0),

and similarly

P (cn/cfCn +d, < x) —®(z) > [Plep/oe, <z —14) — Pz — 7)) — [@(2) — ®(x — 7)) — P(|dn| > T0),
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we have
sup‘P(cn/Ucn +d, < x) — @(m)|
TER

< max{supHP(Cn/ocn <z4+7) — P+ Tn)H + sup[®(z + ) — ®(2)] + P(|dn| > ),
z€R SN (Ck?)

sup|[P(cn/Ucn <z—71) —P(x — Tn)” + sup[®(z) — ®(x — 7,)] + P(|dn] > Tn)}
z€R zeR

<+ (2m) 727, + P(|dn| > 7).
Similarly,
sup|P*(c; /or +di < z) — ®(2)| < 7 + (21) 21, + PH(|d}] > 7). (C.8)
zeR
Thus,

sup|P(cpn/0c, +dn < @) = P*(c /ol +di < )]
z€R

< sup|P(cn/oc, + dy < ) — ®(x)| + sup|P*(c} Joi +dy < x) — O(2)]
T€R z€R

= 1o+ P(ldul > 7) + 75 + P*(|d5| > 7) + 227727,

i.e., (8) holds. Since

P*((c;/os +di)er < x) —P((cn/oec, + dn)en < )

= (PH( o, + i < wfel) — D(@/65)) — (Plenfo, +dn < wfen) — Dlwfen)) + (®(z/h) — B(a/en)),
(9) holds by (C.7) and (C.8). O
Proof of Proposition 1. We use (9) in Theorem 1 to prove the result. From (10)-(13),

Jge’anen tr(M, H,) — e, H,M, Hye,le, Hye, — (n — km)ag}

d, =
ode, Hyen/Hy My Hy, (M, + M)

By Lemmas 1 and 3, tr(M, H,) = tr(M,) + O(1) = O(1), n=Y?[¢!, H, M, H, ¢, — 02 tr(M, H,)] = Op(1),
n~Y2[e! Hye, — (n—ky)o3] = Op(1) and n=" tr[H, M, H,,(M,, + M!)] = n= " tr(M2+ M/ M,,) +o(1) = O(1)
is bounded away from zero by Assumption 13, then d,, = Op(nfl/Q). Let 7, = n~ Y% Ase, = er,

= O(n=%B+20)) and % = Op(n=9%G*29) by Lemma 6 if we let § = 1/2, it remains to show that
P*(|d2§| > 1) =op(l).

Pr(|dy| > 7)

1, 1,
P (13| > 7, ~len Huel, = (0= ke)or2] < kg )+ P* (f|e;; Hyes, = (0= k)os?| > bon)
n

e Hy, My, H €5 |, | tr(M, H,,)|
<P ( )
0*2(" k10*2 ,gn \/tr (M, + M!)H, M \/tr (M, + M!)H, M)

+ P (—|e: Hae, = (n = k2)oy2] > i)
n
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K2 B* | H, M, H, e |?
2
ot (25072 — ) tr (Mo Ho (M, + M) Hy) (Tn — [tr(Myn H,,)| tr= /2 (H, (M, + M;L)HnMn))

n n

i (E" eyt = 300h) 2oy (Hn)Fi + 2(n — kg )ot 20, if Ky, = n~3/8,

<

2,2
n?K2

where E* €5 H, M, H,et|? = (E* x4 — 3024 S0 (H, M, H,,)2 + o4 tr?(H, M,,) + o tr(H, M, H,, (M, +
M})). Thus the result follows. O
Proof of Proposition 2. From (15)-(17),
(0c, — ¢, € HyMyHye,, — 08 tr(M, H,)] n ol tr(M, H,)

Vno. 6., Vnée,
By Lemma 6, n'/2(62 — o2 ) = Op(1); by Lemma 3, n=/2[¢} H, M, Hy€, — o} tr(M, H,)] = Op(1); by
Lemma 1, tr(M, H,) = tr(M,) + O(1) = O(1). Then d,, = Op(n~'/2). Let 7, = kn~'/* with x > 0. Tt
remains to show that P*(|d}| > 7,,) = op(1) by (8) in Theorem 1. The d} is

!
dp =1, —cn/oc, =

Tt = (0 — 6 et HyM,Hyel, — 022 tr(M, H,,)] N o2 tr(M, H, )
" fGC7L Cn ‘\/70-C7L

By Lemma 8, P*(n1/4|&:j —032| > n) = op(1) for n > 0. By Chebyshev’s inequality, P*(nY/4n~te* H, M, H,e" —

o*2tr(M,H,)| > k) < k22 E* |n~'e* H,M, H,e* — 02 tr(M,H,)|> = op(1). Then P*(|d| > 7,) =

Op(l). O

Proof of Proposition 3. We first show the following results: (i) n=Y2A’ [R1,(p1n)Z1in — Rin E Z1,) =

Op(1), (i) n=? AL [Rin(p1n) ZonA2n—Rin E ZonTan] = Op(1), (iii) P*(|[n® AL [Rin(p,) 21, —Rin(pra) B Z3,]1] >

n) = op(1), and (iv) P*(n" AL [Run(55) 23,38 — Rin(p1a) B Zs,aalll > 1) = op(1), for 0 < a < 1/2

and 7 > 0. (i) holds since n=Y2A! [R1,,(p10) Z1n—Rin E Z1n] = n~V2A! Ry [Z1n—E Z1p )40~ AL My, Z1,n 2 (p10—

p1n) = Op(1). Similar to (i), n=2A! [Ri,(p1n)Zon — RinE Za,] = Op(1). Then by Lemma 11, (i-

i) holds. (iii) holds since n® *A! [R1,(p%,)Z5, — Rin(p1n) E* Z5,] = n LAl Ry, (p1n)|Z5, — E* Z7,] +

BN My 23, (Pin =), where P (|19~ A, Ra (1) [Z5,—E* Z5, ]Il > 1) = op(1) and P* (|0~ AL M, [ 25, —

E* Z5,]ll > n) = op(1) by first applying Chebyshev’s inequality and then the mean value theorem. (iv) holds
by an argument similar to that for (iii) and Lemma 14. By (i) and (i), n™'62 =n"'2 +Op(n~"/?) and
n'24, = n'?a, + Op(n="?). Thus, Ji, = @, /54, + Op(n="/?). Let

032 = 6 [ B 23Ry (in) P (In — Py ) P Ban (1) B Zdy3n] ™ and

@ = 61265245, B Z3n Ry (1n) P, (I — Py (5,.))€tns Where Vi (p1n) = Pa, Rin(pin) B* Zi,. Then by
(ili) and (iv), P*(n®|J5, — n'/?a; /6% | > n) = op(1) for 0 < a < 1/2 and 5 > 0. The result now follows

from Lemma 6 and Theorem 1. O

Proof of Proposition 4. By the mean value theorem,

G (D H2n) 7 gn (ns Fan) = 0 = Gy (D 520 ) Hgn (V03 F2n) + G (¥n; F2n) (W — 10)],
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where zﬁn is between 1y and z/AJn Then

\/ﬁ(fl[)n - 'Q[}O) = _[G;(Q&na'72n)Qr_LlGn('(/~}na’72n)]_1Gn(1Zn7'YZn)Qy_Ll\/ﬁgn(z/JOa’72n)

Let

cn = =€y [E G, (¢0;72)Q, " EGr (10 72)] " E Gn (103 12) 2, ' Vign (vo; 72),
oo =€y [EG, (1ho;72) EGr(o;72)] ey

As in the proof of Lemma 21, Q,, — Q,, = Op(n~'/?) and Gn(u?n;&gn) = EG,(%0;72) + Op(n~=1/?), then

Jon — ¢n)oe, = Op(n=?). In Eq. (8), let 7,, = mn~/* for some 7; > 0, then it remains to show that
P( 1/4|J2n - Cn/a

> 12) = op(1) for ny > 0 by Theorem 1, where

Cn

C:L = 761& [E* G:L,(J)n; 'YQn)Q;l E* G:;(ﬁ;na ;an)]il E* G; (@Z)m ':an)Q:Ll\/ﬁg:(@Z}n; &2%)7
UZS = 62/) [E* G:Ll (Qan ’YQn)Q;l E* G:;(l;n, ;}./271)]_161#'

As Q,, is quadratic in the parameters, it can be verified that P*(n'/4||Q* — Q.|| > ) = op(1) for n > 0.
Since G, (1;72) is linear in ¢ and quadratic in vo, P*(n/4[|G%(4VF:45,) — E* G (Un: 52n)l| > 1) = 0p(1)
for 1 > 0, by showing that P*(n!/*|G5, (V3 45,) — G (tni S2n)| > 1) = op(1) and P* (/|G ($n; F2n) —

G (i Fan) | > m) = 0p(1). Thus, P(n!/*|.J5, — ¢/, | > 12) = op(1). 0

Proof of Theorem 2. The characteristic function of ¢, /o, is

oo 1 it
on(t) = Eexpl(ite, /oe,) = / (2mod)~"/2 exp(—=—5€n€n + l—cn) dep,
—00 20—0 Jcn
+oo 1 1 itod
= / (2703) "% exp(—= (en — () Bu(t)(en — Ta(t)) + 70 (t) Bu(t)ra(t) — tr(Ay)) dey,
—o0 2 2 Vnoe,
t itod
— 6B, (1) /2 exp(— W, By (t)"1b, — ——=2—tr(A
UO | (t)| exp( QnO_gn n ( ) \/>(7(~7, ( ))
1
= exp(gn(t) = 51°).
where B, (t) = 23— ZE0 1 (t) = =B (t) " 'by and go () = — 5 Inof—5 In | Ba(t)| - 2n02 Y, B (t) " b, —

2
itog

Tro tr(Ay) + $t°. The derivatives of g, (t) are

L B(t) b — — "ot B (1)L A B (1) by — — T r(AL) 44
no_gn nPn n 3/2 g nPn n \/»O_CH )

(1)( ) \/>'O—c (Aan(t)_l) -

(2) _ —1\2 ’ -1 4t "B
920 = tr[(A,B,(H)™)?] - mgnb By(t) b0 — — 7rg B () AL B () by
i / -1 A —1 b
+ g b, By (t) " (An By (t) ) n+ 1,
990 = e r[(AnBa() )] — s W Bal0) ™ AuBa() b+ o, Ba(t) (AnBa() ) b
n ng/Qo_gn n n n3/20_§n n n Ucn L L L
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48 4 48 2 1924t 3
4 -1 -1 -1 -1 -1
gD (t) = Tl tr[(AnBn(t)™1) ]+Wb;3n(t) (AnBn(t)~") by + T by Bn(t) " (AnBa(t) ™) by
192t2 4
356 bl B, (t) (Aan() ) by,
Cn
ke
k Ck1l —1\k crai” -1 —1\k—2
gk () :Wtr[(Aan(t) ) Hnm v Y, By (t)  (AnBn(t)™ )" by
1 k4242
ck3t” Tt o, ~1 —1yk-1 Crat” T 1 —1\k
anB n(t) T (AnBn(t) 1) anernB n(6) T (A B (t)™1) by,
9n(0) = g5 (0) = 92 (0) = 0,
0 (0) = —SI08 _gsy BI04y,
In " \F) = 3203 ) T 2,3 nn;
2k k 2(k=1);k
k _ C%k10p ky . Ck290 rogk—2
9 (0) = W tr(Ay) + Wb Ay "by, for k> 3, (C.9)
where cg1,...,crq are constants. Let ty1,...,tny be A,’s eigenvalues, which are real as A, is symmetric,
and ¢, = max{|tn1l, ..., |tnnl}. As 02 =n" 200 tr(A2) 4 03b],ba], |b), Anbn| < inbl by, |22 — \2/%;"1 | > 5,
0 Cn
‘Ln3|/| - Ql“m | < tp05 and |Lnjt‘/| \2/%5;2“ = ( 1 2 2 + 'n,o'2 )~ 12 < Vnoe, /2,
48L o8 482 58 9612 58 482 58 1922 g8
4 0 2 n-0 1/ n~0 1/ n“~0 1/ n~0
|g1(7, )(t)| — 71202171 = Lnj + n20_4n bnbn + 204 bnbn + 2 4 bnbn = Tgnv
ek |eh 203k & kol 203" 2, |calen” 203k ° |chalth2ag 2
9 O < == D tng + iz Unbn + 5 bnbn + i buba
Cn j= Cn Cn Cn
2\k—2
s (tn0) " o g s g (C.10)

= n(k_2)/205;2 .
We first establish a one-term Edgeworth expansion for P(c,, /0., < ) separately and then consider high

order expansions. Let v,(t) = (1 — ix,t?) exp(—lt2) be the Fourier transform of the function ®™(z) —

ki ®W (z), where ,, = Ao tr(A3) + 75 T bl Anby,. By a smoothing inequality in Feller (1970, p. 538),

3n3/2¢3
for all T' > 0,
1 (T on(t) —m 24 MW () — 5, ®W
sup | P(cn/oe, <) — (B(2) — k@3 (2))] < 7/ |<P (t) — () | dt + sup, [ (z) — K ($)|’
r€R ™ J_T t 7T
(C.11)
where
|0 (t) = 1 (t)] = exp(—=t2/2) | exp(gn(t)) — (1 — irnt?)]
= exp(—t?/2)| exp(gn(t)) — exp(—irnt?) + exp(—iknt®) — (1 — ir,t?)]
< exp(—t?/2)[| exp(gn (1)) — exp(—irnt®)| + | exp(—irnt®) — (1 — irnt?)[].
As

65" 3 47/ 6\ 2 417 2
|| = |4‘70 22:1 tyi + 3000, Anby | <. |4‘70 Zi:l Ly + 300b;,bn < n0p

n| — — n =
3n3/203 3n3/203 n'/20,,

32

)



|exp(—iknt?) — (1 — iknt?)| < |irnt®[?/2 = k215/2 < 1204t5/(2n0? ) (Feller 1970, p. 512). By a four-term
V296 Then |exp(gn(t)) — exp(—irnt?)| =

0'

| exp(gn(t) +iknt®) — 1| < |gn(t) + ikint®| exp(|gn (t) + irnt?]) < %exp( t*) and

2 _4
Taylor expansion, |g, (t) + ik, t3| < Sxéit $t%, when [t] <

on(t) —
2ol 200) < 8 exp(t24) 1 s~/ (€12
when [t] < ‘szbni';" .
0
Wh vV 2nacn . . 1 2itin; .
en |t| > 5,02 Doting that By, (t) has eigenvalues — — Tes J=1..m,
0 Cn

4t203L%j )_1/4

2
TLO'Cn

02120 by, e
[on(0] < o0 (=5, " a) ILO+
Cn

Jj=1

b,b 1< 125
< 2 —_ N In((1 ﬂ)
—eXp( 72202 4;1“(( *52)

b, b 1 x?
<exp(—%55 — anj an] (In(l1+=z) > x—?forx>0)

2208 322 = 512L4
b.b 15 .,
< —_nn__ 4
< exp 72202 5122 j=1bm)
nazn
< exp(—72L2 03). (C.13)

n (C.11), let T = no? . By (C.12), the contribution of the integral in (C.11) when |¢| < mgc” is O(n™1).

v2noe,
2
8inog

PO/t < (o (@] + [ ()])/1t] and (C.13). Therefore, sup,cg | Pen/oc, < @) = (®(z) = £,20)(2))| =
O(n~1). Eq. (27) holds by a similar argument and Lemma 6.

The contribution when < |t] < T tends to zero more rapidly than any power of n by lon(t) —

To establish high order expansions, use the Taylor approximation for g,(t) up to and including the

term of degree r. Denote this approximation by t37,,.(t) = S qn tk, where 7,,.(t) is a polynomial
of degree r — 3. Let p,(t) = 2;? Hl(=it)>* 7 (—it)]* be a polynomlal with coefficients pp1, ..., Pnm-

Note that pni,...,pnm are real by (C.9). Let Hi(t),...,Hn,(t) be hermite polynomials, then w,(t) =
W (#)(1+ Y74, parHi(t)) has the Fourier transform exp(—t2/2)(1 + p,(it)). For all T > 0,

’ 1 (7 on(t) — t2/2)(1 + pn(it)) 24 .
sup|P(cp /o, Sx)—/ wa(t) dt| < 7/ 1% () — exp(= t/ )(L+ pa(i |dt supm;w ()]
reR — — ™

Using the inequality that [e® —1—3"7_2 8% /k!| = |(e®—eP)+(ef—1—35—2 8% /k!)| < exp(max{|al, |8]})(Ja—
Bl+ ﬁlﬂl“l), we have

[ () = exp(=t2/2)(1 + pulit))|
= |exp(~2/2) (exp(gn(t)) — 1 = pa(it))|

< exp(—t*/2 + max{|gn (t)], [£*Tr (1)1}) (|90 (8) = 70 (8)] + ﬁ

7 (0)]1).
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2\r—1
By (C.10), |gn(t) — 370r(t)] < ﬁmﬂ < t2/8 and [t37,,(t)] < t2/8 when t < cn!/? for some

constant c. Then when ¢ < cn'/2, |g,(t)| < t2/4 and

B 2 . —(r—1)/2 2 Cr+1, 5(Ln0—(2))T71 r+1 1
ou(t) = exp(~#2/2)(1 + pait))] < ™=/ exp(i2a) (TESIT 4
Now let T' = n("=Y/2 then sup, g | P(cn/0c, < x)—[°__ wy(t)dt| = O(n=""1/2). Note that [*__ w,(t)dt =
®(2) — pp1 @ (z) — W (2) Y7L, pur Hi—1(x), which is a polynomial in n~!/2 with bounded coefficients for

[0t 25, (1)),

fixed z, by (C.10). Rearranging it according to ascending powers of n~1/2

—k/2

and dropping the terms involving
powers n with k& > r — 1 yields the expression in the proposition. O
Proof of Proposition 5. Let A, = [H,M,H, —n~‘zH, tr'/2(M2? + M/ M,)], o2 =n"'Ele,Ape, —

odtr(A,))? = 2ntod tr(A2), 2, = —odn 20, M tr(A,) = —27 Y2 tr(A,,) tr71/2(A2) and K, = dofn =320 3 tr(A3) /3 =
412tr(A2)]73/2tr(A3)/3. The &, does not involve any population parameter. Then

P(L, < z) =P(e,Ane, <0)

=P(n~ 124 [e A€, — 08 tr(A,)] < zp)

B(2p) + k(1 — 22)0WV (2,) + O(n™Y),

by Theorem 2. Similarly,
P*(I% < ) = B(z,) + kin(1 — 22)0W (2,) + Op(n~1).

Then P*(I <) — P(I, < x) = Op(n~1). O
Proof of Theorem 3. To prove the expansions in (29) and (30), we check that the conditions of Theorem 1
in Mykland (1993) are satisfied. The same decomposition for ¢, and o-fields as in the proof of Theorem 1
are used. By (C.5), >1" B(ch; /o2 ) =O(n™'). By (C.6), E[n'/2[(022 >0 E(c2)|Fnio1)) — 1] ‘2 =O0(1).
Then the integrability conditions for the fourth-order and square variations are satisfied. As ¢, /0., has

constant variance 1, it remains to check the central limit condition that

(en/oe, n? (0.2 2 = 1),n 2 (0.2 Y "E(c2)|Fni1) — 1)) (C.14)
i=1 i=1
is asymptotically trivariate normal. We may verify that (cn/ac ,nt/2 2 2y 1( —E(2 \9‘,1,1-,1))7

nt/2(o72 3" | E(2;|Fnio1) — 1)) is asymptotically trivariate normal. The ¢, /o, is asymptotically nor-
mal by Lemma 4. Now we show that both n'/2(c 23" | BE(c2;[Fn,i—1) — 1)) and n'/2025°" (2, —

E(c2;|#n,i—1)) are asymptotically normal.

n—175—1
nl 2 o2 -2, —1 2 2
/ E E( m|</m 1)—1) =do, " / 200 E E €nj€nk E an”anlk—i-ao E 00 E an”
i=1 j=1k=1 i=j+1 i=j+1

n

+Z€n] Z Anij ,LLSCLn i +Jobn1)]

1=7+1
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which is a LQ form. The involved matrix in the LQ form is bounded in both row and column sum norm-
s, since 0770 [ 3004y @nignk] + 10054 62 | < S0 lankl - lan] + (i |an,i))? < oo and
22;11 | Z?=j+1 an,ijan,ik| + |Z?:k+1 ai,ik| < Z?=1 |an,ij| ZZ=1 |an,ik| + (Z?:l |an,ik|)2 < oo. In addition,
forg=14+d>1and 1/p+1/qg=1,

q
obni)| < i (|1san | + 05 [bn i)
G=1 i=j+1 j—1 i=j+1
—n-—1 Z Z |a” ZJ q/P Z |an ZJ| |30, ii|? +Joq|bn iil?)
j=1 i=j+1 i=j5+1
< +00q‘bn n| ) oo,

j=1i=j+1
where ¢ is a constant. Thus n'/2(o;2 3" E(c2;|#,,i-1) — 1) is asymptotically normal. Noting that
n267257" (e, — E(c2;|Fni—1)) is a sum of martingale differences, it can be shown to be asymptotically

normal by a central limit theorem for martingales. Let

Zni 1/2( _E( n2|</nl 1))

=n1/2 (ai ii ( — pa) + 2ay, nbm( — p3) + (b 20 Qp, u)(eg«n - 02) - 20(2)an7iibm'€ni

s

i—1
+ 4[0,” u( /143) + bnz( 0(2)) 0(2)an uenz Zan ij€nj + 4 - J() Zan 1]671] )
j=1
As (z;;ll Anij€nj)? = Z; 11an ij€ai+ 22 I 1 Qi On,ik€nj€nk, Tor some ¢ > 2 and 1/p+1/g =1,

|2nil? < =4/ [‘an7ii|2p + [2an:4" +1+ 205a an, niil? ‘Qann il” + 4P (Jana” + 14 ng|an,ii|p) Z |an,ij]

i—1 j—1
+4P(Z |an ’L]|p+1+2p Z|an U||an1k ):| |:|6471L17:u4|q+|bn1|q|6i7*M3|q
j=1k=1
i—1
(il + 1) €2 = 017 + [briensl? + [1€d — 3] + [buille2; — 317+ enil ] D lani]lens?
j=1
i—1 i—1j—1
12 = o1 (3 lamillens 7 + D7 D lanaillannllen “lensl?) |
J=1 j=1k=1

Then 02737 | B[E(|20i|9]Fn.i—1)] = o(1). Next we show that Y7 | (E(22,|.%.i—1) — E(z2;)) = op(1).
Let €1y, = a% u( €ni _N4)+2an,iibn’ii(€§zi_M3)+(b2 _200an u)(egz _00) 2‘70an iibni€ni, €2n,i = 4[an i€ 3

113) + b ii (€2, — 08) — 03an ii€nil, €sni = A(€2; — 03) and e = 3;_] anij€nj. Then z,; = n‘l/Q(eln,i +
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2
€2n,i€4n,i + €3n,ie4n,z‘) and

n n

1
Z(E(Z?Hynzfl) - E(ngn)) = n Z((ein,i - Eein,i) E(egn,i + 261n,i63n,i) + (ein,i - Eein,i) Eegn,i
i=1 i=1

+ 2e4n, i E(e1n,i€2n,) + 2(6271’1- —E ein’i) E(egn,ie;;n,i)).

(C.15)
For r =1,2,3, n 231" | b e4n.; = op(1), since
0_2 n—1 n )
mee4m - n% DY anibr)
j=1 i=j+1
0_2 n—1 n n
< n% Z( Z |an,i51075) ( Z |an,ij|) (C.16)
j=1 =it i=j+1
< wa Zm 4) =0,

where h is a constant. For r = 1,2, %Z byi(ed, —Eel, ;) = op(1), since

i=1"ni
n i—1 n i—1j—1
b Ee? —1 b —2)+2 B Gy 3G ik €ni
- ni e4nz 64711 - n nzan zg g9 E nian,zjan,lkenjenk7
=1 j=1 =1 j=1 k=1
where
" El2. —o2)2 it &~
ZZ 2\\2 _ nj 0 Z Z -1
bnz n zg - UO)) - T bnz n zg O(?’L )
7,—1] 1 Jj=1 i=j5+1
and
1 n i—17-—1 0_4 n—1j— 1 n
r Z0 E -1
TL E E E bnzan ijn, Zk}e’ﬂje’ﬂk = n2 bnlan ij G, zk) :O(TL )»
=1 j=1 k=1 =1 k=1 i=j5+1

as in (C.16). Similarly, n=!' 7" byi(ed, ; — Eel, ;) = op(1) and n=' 37 (e4,; — Eel, ;) = op(1), since

they can be decomposed as

1 n n 3 n i—1j5—1
3 2 2
- E bni(e4n,i — E€4n i E E bman zy n] M3 + I E g E bniamijan,iken]‘enk
=1 7.—1 j=1 =1 j=1 k=1
3 n i—17—1 6 n i—1j—-1k-1
§ § § 2 2 § § § §
+ % bnian,ijanvikenjenk + E bnian,ijan,ikan,ilEnjenkenl7
i=1 j=1 k=1 i=1 j=1k=11=1
and
n
1
§ 4
E ‘ (64n % E Can 1)
=1
1 n i—1 1 n 1—175—1
— E E 4 4 E E : § : 3 3 2 2 2 4
- n an,ij (Enj + n A, 1]0% 1k€nj€"k + 40‘” ,ij 1k€n] nk + 60‘7: 1jan 1k( n] €nk — gO))
i=1 j=1 i=1 j=1k=1
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n i—17—1k-1

12
E E ay, z] Qn,,ikQn 1l€n] €Enk€nl + Ay z_]an ikQn,il€nj€ nkenl + an ,ij0n, zkan il€nj enkenl)
k=11=1

n
=1 j=1
n o i—

—1k-11-1
n E § § § AnijOn,ikAn,il Gim,n€nj€nk€nl€m,n,
1k=11=1

i=1 j= m=1
where each term on the r.h.s. of above equations converges to zero in probability since its variance has
the order O(n~1!) as in (C.16). Note that in (C.15), E(e%n)i + 2e1n,i€3n,i), E(einiean,:) and E(ean i€3n,)
are polynomials of b,;’s with bounded constants. Then Y | (E(22;|%ni-1) — E(z2,)) = op(1). Under
the assumption that the limit of 37 | E(22,) exists, n'/20;23"" | (c2; — E(c2;|#ni—1)) is asymptotically
normal by Corollary 3.1 in Hall and Heyde (1980). Then (C.14) is asymptotically trivariate normal by the

Cramér-Wold device. Since o2 E(c2) = 1, we can take

o(@) = () = @ lim_ o 1/2E(cnz; 2| i 1))) (C.17)
=
and
bp(x) =@ lim o 1n!/? E(cn Z (2| Fnio1) — 1)), (C.18)
where
ot 2B (o0 > (¢~ Bl Fni)))
i=1
n
= 073711/2 Z E(E(c};|Zni-1))
=t (C.19)
n i—1 i—1
! Z |:an it E - GO) + 8“% Z a’i,z] + :u3bnz + 12O-O [(H4 - UO)a'rL i+ H3bm] Z a’i,ij
i=1 Jj=1 Jj=1
+ 3(pa — Uo)an ub + 30‘77, iibni E[EM( 0(2))2]}
and
lnl/2 E(Cn( 22 Z ( fn\ﬁn,i_l) — 1))
=1
n
=0, n!/? E(cn > (Bl Fnin) - E(cii)))
=1
n n t—1
= O';lgnil E [(Z[an,ii(eii - US) + bnieni} +2 Z Z an,ij6ni€nj> .
i=1 i=1 j=1
n 1—1j5—1 n 1—1 i—1
(80(2) Z Z Z Qn,ijOn,ik€nj€nk + 40—(2) Z Z a%yij( nj 00 + 42 ,U/3an i T UO nz Z G 7.]6n]>:|
i=1 j=1 k=1 i=1 j=1 i=1 j=1
n i—1
_,3 ! |:4 Z Z [ann i (Ln"” (M ) + M?’b’ﬂj] +an U( H30n,ii + U(Q)bni)(u?)an,jj + Ugbn]>:|
i=1 j=1
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(C.20)

6
+ 160'0 Z Z Z AnijQn,ikn,jk

n i—1j—1 :l
i=1 j=1 k=1

Therefore, (29) holds by Theorem 1 in Mykland (1993). Eq. (30) follows by (2.20) in Mykland (1993).
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